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Abstract 

We discuss the formulation of the prototype gauge field theory, QED, in the 
context of two-particle-irreducible (2PI) functional techniques with particular 
emphasis on the issues of renormalization and gauge symmetry. We show how 
to renormalize all n-point vertex functions of the (gauge-fixed) theory at any 
approximation order in the 2PI loop-expansion by properly adjusting a finite 
set of local counterterms consistent with the underlying gauge symmetry. The 
paper is divided in three parts: a self-contained presentation of the main results 
and their possible implementation for practical applications; a detailed analysis 
of ultraviolet divergences and their removal; a number of appendices collecting 
technical details. 
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1. Introduction 

Two-particle-irreducible (2PI) functional techniques P, 0] provide a pow- 
erful tool to generate systematic partial resummations of perturbative series 
in (quantum) field theory, of interest in numerous physical situations where 
the perturbative expansion breaks down. Topical examples include thermody- 
namic d, 0, S 01 and transport properties of bosonic fields at high temper- 
atures or at a second order phase transition @, 0] , or genuine nonequilibrium 
situations fiol. [llL 12 1, with physical applications ranging from early- universe 
cosmology |l3| to high-energy heavy-ion collisions experiments [3] and con- 
densed matter physics fl5'|. The application of such techniques to gauge theo- 
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ries is a nontrivial issue which requires one to understand the interplay between 
renormahzation and symmetry. Important progress has been made recently 
concerning the issue of symmetries in the 2PI formalism, in particular, in the 
context of abelian gauge theories [l^. Moreover, the basic ideas concerning the 



renormahzation of 2PI QED have been put forward in Ref. [17[. We present 
here a complete renormahzation theory of QED in covariant linear gauges in 
the 2PI framework. 

It is known that linearly realized global symmetries of a given theory are 



inherited by the corresponding 2PI-resummed effective action [1^, [18|. This 
has recently been shown to be true also for abelian gauge theories in linear 
gauges [iBl- In particular, it has been shown how to construct 2PI approxima- 
tion schemes which systematically respect the corresponding Ward-Takahashi 
identities. Another important issue regarding gauge symmetry concerns the 
gauge-fixing independence of physical observables [l9|, |20|. The point is that, 
even though the latter, as defined in the exact theory, are gauge- fixing indepen- 
dent, the corresponding expressions obtained from a given 2PI approximation, 
contain residual gauge-fixing dependences due to the resummation of infinite 
subclasses of perturbative contributions inherent to 2PI techniques. It is to be 
emphasized that the fact that vertex functions obtained from a given 2PI ap- 
proximation exactly satisfy the correct symmetry identities does not guarantee 
that the corresponding physical observables are gauge-invariant, i.e. gauge- 
fixing independent. 

For systematic approximation schemes, such as e.g. the 2PI loop-expansion, 
it can be shown that these gauge dependent contributions are parametrically 
suppressed in powers of the expansion parameter [l9| (see also Ji [) ■ The observed 
good convergence properties of 2PI approximations schemes p, [a] therefore sug- 
gests that they should be under control, at least in weakly coupled situations, 
provided that renormahzation is well understood. This has recently been tested 
for QED in Ref. 21| , where the thermodynamic pressure has been computed at 
finite temperature from the two-loop approximation of the 2PI effective action 
in covariant gauge. The results indicate that gauge-fixing parameter depen- 
dences remain under control in a wide range of couplings and are comparable 
with the renormahzation scale dependences, other sources of uncertainty inher- 
ent to such calculations. Moreover, the Landau gauge has been identified as 
a gauge minimizing both gauge-fixing parameter and renormahzation scheme 
dependences. 

The second aspect mentioned above, renormalizability, is deeply related to 
that of symmetries. Renormahzation in the 2PI framework has been under- 
stood only in recent years and has been extensively developed for theories with 
scalar [H [H, S, [H i] , but also fermionic [2^ and, recently, gauge [13, [lH 



degrees of freedom. Most studies have been concerned with the issue of renor- 
malizing the basic equation of the 2PI formalism, that is the self-consistent 
equation for the two-point function. In Ref. [2J] a complete description of all 
n-point vertex functions in the 2PI framework has been put forward for scalar 
field theories. The present paper develops the renormahzation theory of 2PI 
QED in covariant linear gauge, extending our previous work 17[ for the renor- 
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malization of the photon and fermion two-point functions. In particular, we 
show that all proper vertex functions obtained from the 2PI loop-expansion of 
QED can be made finite at any approximation order by adjusting a finite set of 
local counterterms consistent with the underlying gauge symmetry. 

In Sec. [2] we review the 2PI formulation of QED. In particular, we con- 
sider the field expansion of the so-called 2PI-resummed effective action, which 
defines the (2PI-resummed) proper vertex functions of the theory. These can 
be expressed in terms of a second class of vertex functions which we call 2PI 
vertices and which require independent renormalization. Sec. [3] introduces the 
counterterms needed to renormalize both 2PI and 2PI-resummed vertex func- 
tions in a way that preserves the symmetries of the bare theory. The presence 
of two different classes of vertices and the fact that gauge symmetry constraints 
them differently [l6j call for introducing additional counterterms as compared 
to the standard (i.e. perturbative) renormalization theory. Still, the number of 
independent renormalization conditions which define the theory is the same as 
usual, as we discuss in Sec. 13.51 Indeed, the extra-counterterms are fixed by im- 
posing consistency conditions between 2PI and 2PI-resummed vertex functions 
at the renormalization point. This is a standard feature of 2PI renormaliza- 



tion theory [2J]. Another important issue, which we discuss in Sees. 13.41 and 
13.51 is to make sure that renormalization and consistency conditions respect the 
underlying gauge symmetry. In Sec. 13. 6[ we provide a ready-to-use renormal- 
ization procedure which allows one to fix all the counterterms in a way that 
preserves the corresponding 2PI Ward-Takahashi identities. Readers interested 
in practical applications will find everything they need in those sections. 

Finally, Sees. |4] and [5] give a detailed analysis of ultraviolet divergences 
present in 2PI and 2PI-resummed vertex functions and describes how they can 
be systematically absorbed in the above mentioned counterterms. In particu- 
lar, we show that the structure of the (sub-)divergences and, consequently, of 
the corresponding counterterms, is constrained by 2PI Ward identities in pre- 
cisely such a way that no divergence appears which would call for symmetry- 
breaking couterterms. In turn, this guarantees that gauge symmetry is preserved 
by the renormalization procedure, provided one imposes suitable (i.e. gauge- 
symmetric) renormalization conditions. Some technical issues are presented in 
the appendices. 



2. The 2PI-resummed effective action for QED 
2.1. Generalities 

We consider QED in the linear covariant gauge. The gauge-fixed classical 
action reads 
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where = J d^x. Aside from the gauge-fixing term, proportional to the pa- 
rameter A, the classical action is invariant under the gauge transformation 

^(2:) ^ e'"(^) ^{x) , ^{x) ^ e-"(^) i,(x) , A^{x) ^ A^{x) - i d^a{x) , (2) 

where a{x) denotes an arbitrary real function. The free inverse fermion and 
photon propagators are given by 

iD^Xai^^y) = [t^.~m]^^S^'\x-y), (3) 
iG^,l,{x,y) = [g^^dl-{l-X}d^^d:]6(^\x-y). (4) 

A derivation of the 2PI effective action for QED can be found in Ref. (l6l |. 
We briefly review the main formalism here. In order to define the 2PI effective 
action in full generality, one needs to introduce the usual connected correlators 
for time-ordered Maxwell and Dirac fields 

G^A^,y) = {TA^{x)A,{y)i , D^^{x,y) = (TMx)^^{y)i , (5) 

as well as the mixed connected correlatortH 

K^,ix,y) = {TMx)A,iy)l , y) = (TA^(x)^^(y)), (6) 

and 

Fa(3{x,y) = {T%l;a{x)%ki3{y)), , F^p{x,y) = {T^a{x)i'^{y)i . (7) 

It proves convenient to grab the bosonic and fermionic fields A, and ■0 in a 
12-component superfield ip and the various correlators ([5])- ([7]) in a corresponding 
supercorrelator Q = {Tipip'^)^: 




G 




K 


K 


F 


D 




-D* 


F 



= V ' Q=\ K F D \ , (8) 



where the upperscript t means transposition, of Dirac or Lorentz indices and of 
space-time variablesQ We assign a fermion number to the component tpm 
of the superfield: = for bosonic A-like components, qm = 1 for fermionic 
tp-VikB components and qm = for fermionic T/j-like components. Note the 
following symmetry property [l6j : 

Qmn — ( 1)*^ ^ QnTTi • (9) 



•^Note that G, D, F and F are commuting functions, whereas K and K are anticommuting. 

■^We employ a notation where space-time variables, if not written explicitly, are put together 
with Lorentz, Dirac, or superfield indices. Repeated indices are implicitly summed over, which 
includes an integration over space-time variables. 
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Written as a functional of ip and the 2PI effective action reads [16|, 

r2Pi[(/^, Q\ = ^oM + ^ StrLn^-i + ^ Str ^^-1^ + V,,,,\p, g\ , (10) 

wliere Str denotes the functional supertrac^ and S^\lp\ is the free action, defined 
as 

with the free inverse propagatoJl 



as ^ 

= 2 "f rniQ^lnn , (H) 



'''Go,mn — ( 1)'" 



(12) 



The only nonvanishing components of Qq ^ are given by Eqs. p|-(|4|: 



iGo^ 



^Go' = I {-^D^y I • (13) 

iDg^ 

The functional iFint [p, G] is the sum of closed two-particle- irreducible (2PI) 
diagrams with lines corresponding to the components of Q and vertices obtained 
from the shifted action Sint[^+S(p]. In QED, and more generally in theories with 
only cubic interactions, the complete field dependence of Tint [f, G] is contained 
in its zero (classical) and one-loop contributions fl6|. We may thus write 

Tint [ip,g]^ ^int [^] + T^,lr [^^G]+ T2 [G] , (14) 

where, in term of the components of the superfields ip and ^, 

Sint[^] = -e f ^{x)^^j{x), (15) 

^^""[V. ^] = / [^{^)D{x, x)] - i>{x)${x, x) - ${x, xmx)) . (16) 

The effective action r[i^], i.e. the generating functional for IPI n-pqint 
functions, can be obtained from the 2PI effective action (fTO|) as P, 0, El, 

T[if]^T2m[^,g[p\], (17) 



^For a supermatrix M with bosonic and fcrmionic elements as in Eq. (|8]l, one has str = 
1)'^" Ainn. The functional supcrtrace Str involves, in addition, an integration over 
space-time variables. 

^Throughout this paper, functional derivatives are understood as being right derivatives 
and successive derivatives are noted such that the rightmost derivative acts first. For any 
functional F o{ x = ip or Q, one has 



„>o"' '5Xn...<5xi 
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where the physical correlator G[^] in presence of a nonvanishing field ip is ob- 
tained from the stationarity condition 



sg 







EM 



where we introduced the self-energy 

E«mM = i-iy"^2i 



QVp\ 



(18) 



(19) 



The independent components of the latter are given by 







V* 















(20) 



Although it is a trivial identity in the exact theory, Eq. \V1\ provides an ef- 
ficient starting point to devise systematic nonperturbative approximations of 
the effective action r[(p] through systematic expansions of the 2PI functional 
r2Pi['P7 This is the so-called 2PI resummation scheme 24 1. For any given 
approximation of the 2PI effective action, Eq. p?)) defines the corresponding 
2PI-resummed effective action. 

2. 2. Vertex Junctions 

Proper vertex functions of the theory can be defined as field derivatives of 
the (2PI-resummed) effective action 



.(") 



evaluated at the physical value of the field — Cp, defined a^ 

5T[p] 



= 0. 



(21) 



(22) 



We shall refer to the functions (PTjl as 2PI-resummed vertex functions. Using 
Eqs. (fTU]) and P7)l . the latter can be expressed in terms of derivatives of Pint!'/', Q\ 
with respect to (/? or C/, so-called 2PI kernels 24, 1^. One has for instance 



5T_ 



5T 



2PI 



= ^Go.lnfn + -J 



(23) 



^The nonperturbative character of the approximation scheme is encoded in the self- 
consistent definition of Q[^\, Eq. JTSj. 

*For gauge-fixed QED in C-invariant physical states, which we assume in this paper, (p = 0. 
All equations in the main text assume that the global U{1) symmetry of the theory is not 
broken, in particular, this implies that the fermionic components of Cp vanish. 
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where we have used the stationarity condition (|18p . Similar expressions can be 
obtained for higher 2PI-resummed vertex functions. This has been worked out 
in detail in the context of scalar field theories in Ref. [Ij. In the present case, 
one has to pay particular attention to additional signs which arise due to the 
presence of Grassman field components. This is detailed in App. [Cl We obtain, 
for the 2PI-resummed two-point vertex function]^ 



rf^^ = (-1) 



'yo,2i 



d(p2 



Sg,nnSipi 



(24) 



and for the 2PI-rcsunimed three-point vertex function, 



.(3) 
123 



dip2 Oipz OLp3dip2 



(25) 



where it is understood that the field assumes its physical value ip = (f. 

It is clear from the previous formulae (see also App. [Cj that 2PI-resummed 
vertex functions can be conveniently expressed in terms of field derivatives of 
the self-energy ^[ip] taken at if = (p. The latter implicitly contains all the non- 
perturbative resummations intrinsic to the 2PI resummation scheme, through 
Eq. This is made explicit by the fact that its derivatives satisfy linear 

integral, Bethe-Salpeter-like equations, see App. [C] One has for instance 



Sifi 



(-1)^" 



S(piSQ„ 



dipi 



2i S'^Ti, 



SGabSGn 



(26) 



where, again it is understood that all derivatives are evaluated at ip — ip. Simi- 
larly, the second derivative, needed e.g. in Eq. (|25|) . reads 



61P2S1P1 



SGcdSQab^Gri 



- ST. - St - 

2g — g — g 

d(pi S(p2 



Sip2Sipi 



sgabSg,, 



(27) 



It is to be emphasized that field-derivatives of the self-energy, or more pre- 
cisely, the functions 



(P+2) 



mn;l- ■ -p 



SPl^r. 



Sipp ■ ■ -Sipi 



(28) 



provide an alternative definition of the proper vertex functions of the theory. We 
shall refer to the latter as 2PI vertex functions 3, 2^- Although both defini- 
tions coincide in the exact theory, they differ at finite approximation order. 2PI 
vertex functions can be computed - and renormalized - independently from 2PI- 
resummed ones. In contrast, 2PI-resummed vertex functions implicitly involve 



'We specialize to the case of a purely cubic interaction, see Eq. Ijl4ll . 
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2PI vertex functions and their rcnormalization requires a prior rcnormalization 
of the latter. 

We end this section by writing down the exphcit equations to be discussed 
in the foUowing, namely Eqs. P^ - (P7)) written in terms of the components of 
the superfields ip and Q. To this purpose, some care must be taken concerning 
the fact that the various components of Q are not independent. One has, for 
instance, 

and similarly for other functional derivatives. 

We shall also take advantage of the global symmetries of the theory which 
we assume to be preserved by the approximation at handj^ To be specific, we 
shall focus on the 2PI loop-expansion. The global U{\) symmetry implies that 
any quantity having a nonvanishing fermion number vanishes in the absence 
of external sources (i.e. "on-shell"). For instance all mixed correlators 
F and F vanish on-shell; also 5Yirnn/5<Pp = unless qm + qn + % = Q etc., see 
App. El Parity and charge conjugation symmetry lead to further simplifica- 
tions of the equations, see App. lAl for details. For instance, one deduces from 
charge conjugation symmetry that 2PI n-photon functions with n odd vanish 
identically, a generalization of Furry's theorem for 2PI vertices {lp — Cp = Q 
implicit): 

A4 (^0) 

■ ■ ■ oAx 

One also obtains that the 2PI three-point functions STia^I^^ and JS^^/JV' 
are linearly related to each other by means of the charge conjugation matrix C 
{<p — Cp = Q implicit): 



1: . c-^l ■ (31) 



The only two independent components of the 2PI three-point vertex V'^'^^ cx 
dT,/dp, namely STi^p^/SA and (5I]^^/(5V' fulfill the following self-consistent equa- 
tions {p — (p — implicit) 



and 



77 



(32) 
(33) 



^"Somc global symmetries might be broken by the particular physical (initial) state one 
considers, without affecting the discussion of rcnormalization. For instance, the presence of 
a thermal bath explicitly breaks Lorentz symmetry but does not affect the structure of UV 
divergences. 
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We will also have to discuss the 2PI four-point function 6'^T,^j^/6A6ip which 
reads, explicitly, 



= D 



5E, 



D- 



G 



D- 



ST, 



D 



' 77 



Ha 



G + D 



SA,Mc 



G 



'(3p 



(34) 



Finally, the 2PI-resummed two- and three-point vertex functions read (ip — ip 
implicit) 



SAJA^ 



ST 



Dr. 



S'tpaSlpa 



D 



P0' 



iiA —10 lint 



D 



-G - 



SA, 



n 



SDaaSAy 



(35) 
(36) 



and 



iS^V 



iS^'Ts^ 



D- 



ST 



SA, 



D- 



St. 



%I)A 



S'4>a 



G + D 



S''T 



ipA 



SA^Sil^, 



G 



SK/S^S'tpa 



SAnS'tpaSlpa SAnS-tjjaSlpa 

(37) 

Notice that Eq. ([37]) can be written in a different way (depending on which field 
derivative is taken first), involving the four-point 2PI vertex STaa/SiPSiJj, see 
e.g. [l6| . The above expression is more suited to discuss renormalization. 



3. Renormalized 2PI effective action 



The bare 2PI and 2PI-resummed vertex functions introduced in the previous 
section are plagued by UV divergences and require regularization, see Sec. 13.11 
and renormalization. To this purpose, we introduce the corresponding renormal- 
ized vertex functions, which can be conveniently defined from the renormalized 
2PI effective action, defined in Sec. 13.21 In particular, the latter includes a 
counterterm part consistent with the symmetries of the theory, see Sec. 13.31 
This allows one to renormalize all vertex functions in a gauge symmetric way, 
provided one imposes suitable (i.e. gauge symmetric) renormalization condi- 
tions, as discussed in Secs. l3.41 and l3.51 Sec. I3.6l summarizes the renormalization 
procedure. 

3. 1 . Regularization 

Before starting our discussion of renormalization, a point of caution is in 
order. In what follows, we shall not actually perform a nonperturbative proof of 
renormalization in the 2PI framework. This is beyond the scope of the present 
paper. Instead, we shall employ a formal coupling expansion of the various 
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renormalized vertex functions obtained from an arbitrary 2PI approximation 
and show that the coefScients of such formal series are all finite. 

Since each of these coefficients is given by a finite sum of standard perturba- 
tive diagrams (those which are summed up in the 2P1 approximation at hand), 
we are free to use standard gauge-symmetric regularization schemes, such as 
Pauli-Villars, lattice, or dimensional regularizations. We choose to work with 
the latter, the simplest one, which respects all symmetries of the theory (unlike 
the lattice) and does not require any modification of the classical action (unlike 
Pauli-Villars or the lattice). All four-dimensional momentum space integrals are 
replaced by d-dimensional ones and expressed as analytic functions of e = 4 — d 
in the usual manner. In Sees. [Hand [U we show that the coefficients of the for- 
mal coupling expansions of any vertex functions in the 2PI formalism all have 
a finite limit when e is taken to zeroF^ 

The limitations of such an analysis are the same as those of standard per- 
turbative renormalization proofs. In particular, the obtained renormalized se- 
ries are at best asymptotic ones and one has to wonder how to make sense 
out of them. Of course, the whole point of 2PI techniques is to directly solve 
the nonperturbative equations for resummed propagators and vertices without 
resorting to such perturbative expansion, which requires a truly nonpertur- 
bative renormalizationF^ Nonperturbative proofs of 2PI renormalization are 
accessible to analytical analysis under the (conservative) assumption that the 
asymptotic large momentum behavior of resummed propagator lines Gip) at 
any given 2P1 approximation order is bounded - up to logarithms - by that of 
the corresponding free propagators so that the standard power counting anal- 
ysis of divergent loop integrals appliea I. see e.g. in. El, i, in, m, 113]. This 



assumption must ultimately be checked by actual (numerical) calculations, see 
e.g. Refs. mSiim. 

Such an analysis, not to be performed here, requires a nonperturbative ~ in 
the present context gauge-invariant - regularization, such as the lattice. The lat- 
ter involves specific lattice vertices in the discretized classical action. However, 
it can be checked that these do not modify the usual power counting of divergent 
integrals pll and do not require additional rcnormalization/consistency condi- 



^^In Sees. |4] and [5] we also employ a ladder-rung expansion for some equations, which 
greatly simplifies the analysis. In principle, dimensional regularization does not apply to the 
diagram of such an expansion, which involve resummed propagator lines. Strictly speaking, 
all the expression we shall write are to be understood in the sense of their formal coupling 
expansions. 

^■^ Since QED is expected to exhibit a Landau pole at a nonperturbatively high momentum 
scale, see e.g. |28|| . renormalization has to be understood in the usual sense of minimizing the 
cutoff-sensitivity of physical observables in a range of cutoff well above any physical momentum 
scale in the problem and well below the Landau pole. 

We stress that this is not guaranteed to be true a priori for arbitrary 2PI approxima- 
tions. Partial resummations of perturbative logarithms can modify the convergence properties 
of diagrams with resummed propagator lines as compared to naive power counting. Such mod- 
ifications occur, for instance, in the standard 1/A'^ expansion of 0{N) scalar field theory, see 
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tions. Therefore, we expect that no counterterms other than those introduced 
in dimensional regularization are needed (see however footnote I13p and that 
the renormahzation procedure presented befow is complete. A recent numerical 
calculation of the QED pressure, using the (isotropic) lattice formulation of the 



2PI effective action to two- loop order, seems to support this idea [21 1 



3.2. Renormalized 2PI effective action: definition 
The renormalized 2PI effective action is defined as 

T^pAVR,gB\=T2m[v,Q], (38) 

where the renormalized superfield (fn and superpropagator Qr are given by 

(^fl = Z-i/V and ^i^ = Z-i/2gZ-i/2, (39) 

with the supermatrix Z = diag (Z3I4X4, ^2l4x4, ^2l4x4)- We also introduce 
the standard renormalized mass, coupling and gauge-fixing parameters: 

Zamji = , ZiCr = Z2Zy^e , Z^^Xr = Zj,\ . (40) 

Let us here recall that, in the exact theory, the Ward-Takahashi identities asso- 
ciated with the underlying J7(l) gauge symmetry ensure that Z1IZ2 and Z4 are 
UV finite. It follows that, in the exact theory, one can choose ZxjZ^ = 1 and 

= 1, up to finite redefinitions of the coupling constant cr and gauge- fixing 
parameter \r respectively. 

Renormalized vertex functions arc obtained from the renormalized 2PI ef- 
fective action in the very same way as bare vertex functions were obtained in 
Sec. 12.21 from the bare 2PI effective action. In particular, the renormalized 
2PI-resummed effective action r/j[(/3fl] = r[(^], which field expansion defines the 
renormalized 2PI-resummed vertex functions, can be obtained as, see Eq. (jl7p . 

Fj^M = rfpi[(^fl,gj^M], (41) 

where the renormalized physical correlator Qr\^r\ is obtained from, see Eq. (jlSp . 



SGr 



= . (42) 

Sr[>Pr] 



It is convenient to write the renormalized 2PI effective action in a form simi- 
lar to (jlOp but involving exclusively renormalized superfields, superpropagators 
and parameters: 

rfpi[^fl, Gr] = SoM^b] + \ StrLng^i + StvG^^ ^« + ^intl'/'fl. <3b] , (43) 



^■^The term "renormalized 2PI effective action" means that all (renormalized) vertex func- 
tions derived from it, which only involve the physical (pn and Qr, are UV convergent once 
a proper renormahzation procedure is applied. Notice, however, that we do not discuss the 
renormahzation of composite operators in this paper, which would involve further independent 
counterterms. 
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which defines T-^^[ipji,Gfi\, see below. The renormalized free action and prop- 
agator So,R and Qq^r are obtained from Sq and Qq after replacing the original 
bare parameters m and A by the renormalized ones mn and Xr. The decom- 
position (|43p allows one to easily obtain the equations for renormalized vertex 
functions from the corresponding equations for bare vertex functions by simply 
replacing bare superfields and (free) superpropagators by renormalized ones, 
and Tint [v?: 5] by T-^^[(f]i,GR]- In what follows, we shall refer to the equations 
at the end of Sec. 2.2, as equations for renormalized vertex functions, assuming 
implicitly that the relevant replacements have been made. 

3. 3. Counterterms 

Using Eqs. (051), (EH) and (gS]), the functional T-^ti-^R, Qr] can be writ- 
ten, up to a constant contribution, as 

Ti^J^^, Gr] = ri„t[(^fl, Qr:, ep] + 5T,,-,,[^R, Qr] (44) 

where the first term on the RHS is obtained from rint[<i5, Q] e] simply by replacing 
the bare superfield, superpropagator and coupling by their renormalized coun- 
terparts (we made the coupling-dependence explicit here) and the second term 
contains all explicit reference to the counterterms 5Zi = — 1, i = 0, . . . , 3. It 
can be expressed aJ^ 

STi^tVfR, Qr] = ^•^'^nSQ^^'^R+^-^trSQi^^QR+T-^atVPR, Qr; ZieR]~Tint [i^r, Qr; cr], 

(45) 

where SQ^^ ^ = ZQq ^ ^ Qqr- By construction, two-point - i.e. mass and field- 
strength - counterterms 6m = SZottir, 6Z2 and SZ3 (recall that the gauge- 
fixing parameter counterterm SZ4 = 0), only appear in the first two terms of 
the RHS of Eq. (|45p : the last two terms contain the dependence on the coupling 
counterterm SZi. 

As we did previously in Eq. (|14p . it is convenient to separate the classical (i.e. 
5fl-independent), one-loop (i.e. linear in Qr), and higher-loop contributions in 
the counterterm contribution 5Tint[^R,QR\- 

STint[ipR, Qr] = SSint[ipR] + dr^^°°^[ipR, Qr] + (5r2 [f/fl] , (46) 

where, in terms of the superfield and superpropagator components, 

+ j ^R{x)[i5Z2(^x~ 5m~ 5ZieR^R{x)\'4>R{x) , (47) 



We use the fact that rj^j[(p,5;e] = Fj^^. [i/j^, 5^; -^le^}]. 
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y=x 



5ZieR{%i;R{x)$R{x,x) + 1^ j^{x, x)->JjR{x)j , (48) 



and 

ST^IGb] = T^IGr; Zicr] - T2[gR; cr] . (49) 

The functional iSr2[gR\ is the series of closed 2PI diagrams having two or more 
loops with lines corresponding to the components of Qr and classical QED 
vertices with either the renormalized coupling cr or the coupling counterterm 
SZiCr and containing at least one vertex counterterm. It is (/J/j-independent, 
just as T2[gR]. 

At this stage, it is important to realize that, although the same counterterms 
SZo,...,3 appear in 6Sint[(pR], dTl^°°^[(pR, Qr] and ST2[gR], they play in fact very 
different roles. For instance, the last term of Eq. (j47|) leads to a tree level con- 
tribution to the (2PI-resummed) three-point function iS^TR/SARStpR6ipR, see 
Eq. ([57)) . proportional to SZi, which, as we shall see later, cancels a global di- 
vergence in this function. Similarly, the last three terms of Eq. ([48]) respectively 
lead to tree level contributions to the (2PI) three-point functions S'S^ /6Ar, 
5T.^ /5%i)R and 5Ti^ I 5%I^r, see Eqs. again proportional to 5Zi, which 

absorb global divergences in these functions. Of course, in the exact theory, 
these four functions coincide and a single coupling counterterm is sufficient to 
absorb their global divergences. However, at any finite approximation order, 
these functions differ and one needs to allow for a priori different coupling coun- 
terterms in the various contributions to 6Sint['^R]^ ^^]^t''^VPRi Qr] ^^'^ S^2[Qr]- 

This is in fact a general feature of 2PI rcnormalization theory |2^]: since 
2PI and 2PI-resummed vertex functions do not coincide in general at finite ap- 
proximation order, their rcnormalization calls for introducing different countert- 
erms]^ Previous analysis of (rcnormalizable) scalar and fermionic field theories 
23,[Ia[i,|2i,|2i,i teach us that one should actually include all local countert- 



erms of mass dimension less or equal to foucZl consistent with the symmetries 
of the theory [23| . The aim of the present paper is to show that this generalizes 
to abelian gauge theories. 

It is important to notice that, in the present context, symmetry constraints 



^^These are actually different approximations to the various QED counterterms <52o,...,4- 
For systematic approximation schemes though, 2PI-resummed and 2PI vertex functions only 
differ beyond the accuracy of the approximation and so do the corresponding counterterms, 
provided one imposes suitable renormalization conditions [23. Il6||. see Sec. 13.51 

^^More precisely, one should include in the 2PI diagrammatic expansion all diagrams made 
of lines and local counterterms vertices having a number of legs n such that 5I]"=i {^i+ki) < 
d = A, where the sum runs over the legs of the vertex and di is the canonical mass dimension 
of the field operator corresponding to the i-th leg {di = (d — 2)/2 for scalars or gauge fields, 
di = {d—l)/2 for spin 1/2 formions fields etc) and ki accounts for possible derivative couplings. 
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may allow for new type of counterterms, which have no analog in standard 
renormalization theory, simply because one has, in general, more possibilities to 



construct symmetry invariants with both Lpn and Qr than with alone 17 1. 
This is the case for gauge theories where, because the gauge transformation 
of the field tpn involves an afhne contribution, the gauge transformation of 
the bilinear ipR(pR differs from that of the connected correlator Qr [l^. The 
most general counterterm contribution STi^t[^R,GR\ consistent with the above 
requirements is given by Eq. (|46p . with 



4)r{x) {i5Z2^x - Sm- SZiCr ^Ri^)) i^Ri^) , (50) 



6T]lr''[^R,gR] = ^ J^(^dZs{g^,dl - d:d:)+SM%,+5Xd:d:)G'i[{x,y) 
- / tr(iSZ2^x - Sfh - SZieR4R{x))DR{x,y) 

Jx ^ / y=x 

ZiCR {i}R{x)$R{x, x) + j^j^{x, x)'iPr{x)) , (51) 



and 

Sr2[gR]^l^(^^G^^^^ix,x)G'^,,ix,x)+^-fG'i[ix,x)G^A^,x)^^ 

(52) 

In the classical contribution SSintifR], terms Aj^, (dAR)'^, {dAR)Aj^ and Aj^, 
which would be allowed by power counting are forbidden by gauge symmetry. 
Similarly, gauge invariance forbids one-loop terms of the form {dAR)GR and 
A^Gr. In Sees. 4 and 5, we shall actually prove that, in a given truncation of 
the 2PI effective action, no diagrams generate divergences which would call for 
introducing such counterterm contributions. In contrast, since the gauge trans- 
formation of the photon connected correlator Gr is trivial (see [16| and below) , 
one-loop terms of the form Gr or ddGR are allowed, giving rise to mass-like 
and gauge-fixing-parameter-like counterterms SAI'^ and SX. The same is true 
for two-loop terms ~ G% in <5r2[t/i?], which give rise to four-photon-like coun- 
terterms Sgi and Sg2 17]. As discussed in detail in Ref. [17|, see also Sec. 14.11 
below, these new counterterms actually absorb (sub)divergences in the longi- 
tudinal (in momentum space) part of the inverse photon correlator G~^^ . We 
stress that such divergences are a pure artifact of the (2PI) approximation. For 
systematic approximation schemes, they - and the corresponding counterterms 
are systematically of higher order as compared to the order of approximation 



As for QED coupling counterterms in Eqs. ([50]) - ([52)1 . charge-conjugation 
invariance implies that the terms i^R^R and I/[ ^ipR come with the same coef- 
ficient SZiCr. However, unlike what happens in the exact theory, these terms. 
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which are actually gauge-symmetric (see below), are not related to the third 
coupling counterterm contribution ^nDfj and, consequently, the latter comes 
with an independent coefhcient SZiCr. We show in the next section that gauge 
symmetry further implies that the counterterms SZi, 5Z2, SZi and SZ2 are not 
independent. 

Finally, we mention that the term (5rf^^^[5ij] in Eq. ([5^ only starts at 
three-loop order. It involves QED-coupling counterterms and, beyond five-loop 
order, (gauge-symmetric) four-photon counterterms. Its construction has been 



discussed in detail in Ref. [17|. We shall not discuss it any further here. 



3.4- Renormalized 2PI Ward-Takahashi identities 

The issue of gauge symmetries in the 2PI formalism has been discussed in 
lol . 26l . lit ■ I'^ -f^^f • 13 the generalization of Ward-Takahashi identities for the 



bare 2P1 effective action were derived and explicitly solved for abelian theories. 
In particular, it was shown that, for linear gauges, the bare functional 

TsymiV', G] = T2Pl[(p, Q] - Sgf[ip] , (53) 

with S'gf[(y5] = —(A/2) J^[d^A'^{x)]'^ the classical gauge-fixing term, is invariant: 

rsym[<^,e] = r3y„,[(p("),a(")] (54) 

under the gauge transformation of the bare fields: 

V;(")(x) = e*"(^V(a;) , ^p^°'Hx) = e-'"(=")V^(x) , A^^'^x) = A^{x) - -df,a{x) 

(55) 

and bare superpropagator: 

(?(?2(x, y) = e''""(-)e„„(a;, y) , (56) 

where a{x) is an arbitrary real function. From Eq. (j53p . one derives symmetry 
identities for the bare (2P1, 2Pl-resummed, etc) vertex functions of the the- 
ory, which generalize the standard Ward-Takahashi identities. Ref. [3| shows 
that these 2P1 Ward-Takahashi identities are exactly satisfied at any order of 
approximation in the 2P1 loop-expansion of QED. 

Let us now see how Eqs. (|53l) - (|56p are modified by renormalization at fi- 
nite approximation order, i.e. by the inclusion of the counterterm contribution 
STinti^R, Gr], Eqs. I^-I^. Defining A, = Z^ - Z^ = SZ, - 6Z„ t = 1,2, 
it is an easy exercise to check that the functional^ 

T^yJ^R:GR]=r^Pl[ipR,gR]-S^t[ifR]+ [ M^)(iA2^o.~AieR4Rix))4'Rix), 

(57) 



^**The functional T^^[<pji,Qji] is obtained from T^pil'pRtGR] by subtracting the renormal- 
ized classical gauge fixing action and replacing (5Zi,2 — > i5^i,2 in Eq. I|50| l. 
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where ^^[(^i?] = -{\r/2) /^[^^^^(a;)]^, is invariant: 

Ts^vnl'/'H, Qr] = T^y^iv^^^Q'n^] (58) 
under the foUowing gauge transformations of the renormahzed fields: 

(59) 

and renormahzed superpropagator: 

e£L(^: = e^'^""^"^ ^«,mn(2^, y) e^'""^"^ , (60) 

where e/e/j = Z1/Z2 and Q!(a;) is an arbitrary real function. This uses the 
fact that 5T2 [Qr] is gauge- invariant since it only depends on the components of 
whose gauge transformations (I60p are purely linear: in the diagrammatic 
loop expansion, one easily sees that the local phase factors associated with the 
fermionic end of each propagator line cancel each other at the QED vertex 
they are attached tj^ ^M- It also follows that the functional r^j^[(/9fl] = 
r^m[Vfl,^iibi?J], that is, 

rfy„JVi?J = ^rWr] - S^Avr] + / ^r{x) [iA2^, - ^leR^Rix)] i^Rix) , (61) 

where rfl[(pfl] = r^j[(^jj, ^^[(^fl]] is the renormahzed 2PI-resummed effective 
action, is symmetric: 

rsVM = r«,j(^^"']. (62) 

The gauge transformation of the renormahzed gauge field, see Eq. ([59|) . 
involves the ratio Z2/Z1, which must, therefore, be finite. Using 2PI Ward- 
Takahashi identities for renormahzed vertices, we show below that this is indeed 
the case. Moreover, the symmetry property ([54|) of the bare 2PI effective action 
is modified by a term involving (a priori infinite) counterterms, Eq. (|57p . The 
variation of this term under the gauge transformation ()59|) can be written as 

SaJ ^pR{x)(iA2^x - '^ieR4R{x)^'4'R{x) = i(^A2 - Ai^^SaJ i^R{x)(^,^i>R{x). 

(63) 

where, for a given functional F, 5aF[ipR, Qr] = F[ip''^\Q'^^^]~ F[ipR, Qr]. As we 
discuss below, this only slightly modifies the (renormahzed) 2PI Ward-Takahashi 
identities. Using these modified identities, one can show that the combination 
of counterterms on the RHS of Eq. is actually finite and can be set to 
zero by an appropriate choice of renormalization conditions. This ensures that 



Diagrams containing possible four-photon vertex counterterms do not pose any problem 
since only photon lines are attached to these vertices and the photon propagator is invariant 
under the gauge transformation II6OI I [T7| . 



16 



gauge symmetry (i.e. 2PI Ward-Takahashi identities) is exactly preserved by 
the renormalization procedure at any approximation orderly In particular: 

Sa{r^Pi[m, Gb] - s§[^j,]) = , (64) 

and similarly for the 2PI-resummed effective action 

Sa(rR[ipR]~S§[^i,]) = 0. (65) 

To prove this, it is convenient (but not necessary) to switch to 4-momentum 
spacd^H. For later convenience, we introduce the following notations (Dirac and 
Lorentz indices implicit) for two- and three-point vertex functions in momentum 
space: 



(66) 



and 



(67) 

For three-point functions, we use the convention that the first and second mo- 
menta (here p' and p) are associated with the outgoing and ingoing fermion legs 
respectively. Ward-Takahashi identities for the renormalized 2PI vertex func- 
tions are obtained by noticing that, since the last term of Eq. ((57l) is independent 
of Qr^ , one has 



(68) 



^Qr 5Qr 

which implies that the function ^^[(/Sfl], defined as the extremum of the renor- 
malized 2PI effective action r|pj[(^ii;, Qii\ for given ipR, is actually the extremum 
of a gauge-invariant functional. It follows that it transforms covariantly under 
a gauge transformation of its argument ^16i] : 

Qr[^^r^]^Q^r\vr]. (69) 

This generalizes a result derived in Ref. [lB| for the bare supercorrelator. In 
particular, this implies that the symmetry identities for bare 2PI vertices are 
not modified by the presence of countcrtcrms and can be directly transposed 
to renormalized 2PI vertices. Of particular interest for our present purposes is 



^"Note that this alone does not guarantee gaugc-invariance in the sense of gauge-fixing 
independence. 



^^To discuss renormahzation, it is suflicient to assume space-time translation 



mvariance. 
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the identity relating the renormahzed three-point vertex 5T,^ /5Aji = iV^'^^ 
to the inverse fermion correlator D~j^ [l6l |: 

- ^ — fc'^ + = iD-^\p + k)- iD-^\p) . (70) 

Zl Cr 

Another important consequence of Eq. (|69p , which we shall use extensively in the 
next sections to show how UV divergences are constrained by gauge symmetry, 
is the fact that the 2PI four-photon vertex S'^T,'^"^ /SAnSAn is transverse with 
respect to the two external legs corresponding to field derivatives: One has, 
schematically. 

Similarly, one can deduce from Eqs. (I6T|) and ([62]) symmetry identities for 
the rcnormalized 2PI-resummed vertex functions ^16J . It is easy to see that, 
since the last term in the RHS of Eq. (f6T|) is at most trilinear in the fields, the 
only modification it brings as compared to the usual Ward-Takahashi identities 
concerns the relation between the three-point function and the fermion two- 
point function. We find: 

- ^-k'-^'n^iP + k,p) = Tr\p + k)- Tr\p) - ^(a, - ) . (72) 

Any other 2PI-resummed vertex function fulfills the usual Ward-Takahashi iden- 
tities. In particular, the 2PI-resummed photon polarization tensor, defined 
through r^'^'' = iG^li — i^R, is transverse: 

fc^n^'^(fc)-0. (73) 

We show in Sees. |4] and [5] that all rcnormalized vertex functions can actually 
be made finite by a proper choice of the counterterms introduced above. It then 
follows from Eq. (|7D|) that the ratio Z2/Z1 is finite and that one can set 

Zi - Z2 (74) 

by a suitable definition of the rcnormalized charge cr. This generalizes the 
usual textbook result in the IPI formalism. Similarly, Eq. ([72]) proves that 
the combination A2 — Ai(Z2/ Zi) is finite and can, therefore, be set to zero 
by adjusting the finite part of some counterterm, that is by a suitable (i.e. 
gauge-symmetric) choice of renormalization conditions as discussed below. This 
implies that 

Z2 Z2 

As already mentioned, this guarantees that the rcnormalized 2PI effective action 
satisfies the (2PI) Ward-Takahashi identities. We stress again that this is true 
at any approximation order in the 2PI loop expansion. 
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3.5. Renormalization conditions and gauge symmetry 

The QED countertcrms SZ^^ . . . ^5Z^ are fixed by imposing four indepen- 
dent renormalization conditions for the (2PI-resummed) vertex functions of the 
theory with non-negative superficial degree of divergence, namely the two- and 
three-point functions r^'^\ r^^'°^ and T^'^^ The Ward-Takahashi identity ^ 

guarantees that the longitudinal part of the photon two-point function F^'^^ is 
not modified by loop corrections, which implies that SZ^ = 0. The Lorentz 
decomposition of the 2PI-resummed photon polarization tensor reads 

nR^,{k)^nl{k^)p^k), (76) 

with the usual projectors P^^(fc) = k^k^/k"^ and P^^{k)+P^^{k) = g^^. Because 
it is one-particle- irreducible, HRf_i,^{k) is expected not to have a pole at k^ = 
0, which imphes that n|J(0) — (i.e. the photon is massless). The global 
divergence of n|J is absorbed by the photon field-strength counterterm 6Z3 in 
Eq. (j50[) which can be fixed by requiring that, at a given renormalization point 
k —— k^ , 

-0^ {7T) 



Similarly, the mass and fermion field strength counterterms SZq — Sm/niR 
and 6Z2 are fixed by imposing renormalization conditions on the fermion two- 
point function or, equivalently, on the (2PI-resummed) fermion self-energy S^j, 
defined through F^'^'' = iD^]^ — HIr. The latter has the following structure in 
Dirac space: 

Sfl(p) = ao(p2)l-Hai(p2)^, (78) 

where ctq and cri are globally divergent real functions, see App. IA.4I The mass 
counterterm Sm absorbs the global divergence of cro(p^) and can be fixed by 
demanding that, at a given renormalization point p — p\. 



tr 



Sfl(p) =0, (79) 



i.e. tTo(pi^) = 0. The global divergence of (7i(p^) is absorbed in the fermion 
field strength counterterm 5Z2. To fix the latter, it proves convenient for later 
use to consider, instead of the standard renormalization condition involving the 
momentum derivative of the finite difference at the renormalization point 

fE^(p + fc)-Efl,(p)| =0, (80) 



where we introduced the following notation: 



{F{p,k)} 



1 

(p%fc*) 4 



(81) 

p—p* ,k—k* 



Notice, in particular, that {^}(p.k) — 1- Here the Dirac trace tr[7^Sfl] isolates 
the vector component cti of and the contraction with fc'^ is chosen such that, 
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for on-shell fermion momenta + ^2)^ ~ ^ Eq. ([50]) reduces to the simpler 
conditfon ai{p2^) — 0. 

Finally, the coupling counterterm 5Zi absorbs the global divergence of the 
2PI-resummed three-point vertex ■ The latter admits the following Dirac 
decomposition, see App. IA.4I 

rS^(y,p) - v^{p',p)t + vixp'.pyr + ^v^Up'^ph^i" + \yl.p{p' ^p)^""' . 

(82) 

where . . . , V"^ are real functions, among which only the vector component 
presents a global divergence, see App. IA.4I To isolate the latter, we impose 
the following condition at a renormalization point p — p\^ k = k\ 

{fc''r£Hp + A,p)} =-e«. (83) 

Here the contraction with is introduced in prevision of a later use of the 
symmetry identity ([7^ . 

Equations (H?]), ([71]), ([501) and define the theory. However, at any fi- 
nite approximation order in the 2PI expansion, these are not sufficient to fix 
all the counterterms in Eqs. ((50|) - ((52|) . The remaining countertcrms must be 
fixed without introducing neither extra renormalization condition nor new pa- 
rameters other than the two QED parameters and e^, and the gauge- fixing 
parameter To this aim, recall that the occurrence of extra counterterms 
in the 2P1 formalism originates from the various possible definitions of vertex 
functions, which need a priori independent renormalization at finite approxi- 
mation order. However, renormalization conditions are an aspect of the exact 
theory, where e.g. experimental input is introduced, and, as such, should not 
differ for various definitions of vertex functions. It is thus natural to require the 
consistent condition that various (e.g. 2PI and 2PI-resummed) vertex functions 
with non-negative superficial degree of divergence agree at the renormalization 
point. This is a standard feature of 2PI renormalization theory, see Ref. [23l for 
the case of scalar field theories. 

The only independent, globally divergent 2PI vertex functions are the photon 
and fermion self-energies S;^"^ = Hfl and Y^j^ = f^n and the three-point vertices 
S'S^ /SAfi = iVj^'^'' and ST,fj^ /Si/jr = iV^'^K The photon self-energy admits 
the following Lorentz decomposition in momentum space: 

s^^,(fc) ^ liR^Uk) = n^(fc2)Pj.(fc) + n|i(fc2)p^i^(fc) , (84) 

where both transverse and longitudinal components Il]^{k^) and Ilj^{k^) are 
UV-divergent [l3|, see App. IA.4I In particular, their global divergences are 
absorbed in the counterterms SZ3, SM"^ and SX in Eq. ([STjl . To fix the latter we 
impose the consistency conditions 
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and, using the fact that the longitudinal part of the 2PI-resummed photon 
polarization tensor vanishes identically, n]^(fc^ 



= 0. 



A related aspect is the presence of divergent four-photon subdiagrams in Ilfl 
17[. The latter actually add up to the complete four-photon vertex function 
VRt,u,pa{p-,q,k) obtained from the 2PI kernel S'^T-S^t/ SgR5QR\g^, see Eq. 
below. In the exact theory, the latter agrees with the (2PI-resummed) four- 
photon function T^^^ ^^(p, g, fe) which is transverse and thus finite In 
contrast, at finite approximation order, the function VR^i/_pcr(p, fc) is not ex- 
actly transverse - although its longitudinal part is systematically of higher order 
as compared to the order of approximation - and requires renormalization. This 



is the role of the four-photon counterterms 5gi and 5g2 in Eq. ([5^ , see Ref . [17 1 
for details. Using the fact that the 2PI-resummed four-photon function is trans- 
verse, the latter can be fixed by means of the consistency conditions at a given 
renormalization point k = k*: 



fc* fc* ^B. ^iv.pa {k ,k , k ) 



k':Krf^lAk*,k*,k*) = o. 



(87) 



As shown in [17|, conditions ([551) - ([571) ensure that the difference SZ^ — SZ^ and 
the counterterms SM'^, SX, 6gi and 6g2 are systematically of higher order as 
compared to the order of approximation. 

The counterterms SZq — Sfa/mn and 5Z2 are fixed by the consistency con- 
ditions 



tr 



= tr 



p=Pi 



^r{p) 



p=Pi 



and 



{t{p + k)-j:{p)} ^{^R{p + k)~j:R{p)} 



(p5,fc*) 



(88) 



(89) 



Finally, the coupling counterterms SZi and SZi are fixed by demanding that 
the vector parts of their respective Lorentz decomposition, see Eq. (f82|) . agree 
at the renormalization point {p' = p + k): 



{k'^vj.'fip^p)} ^ = {k^^vj,'f{p',p)}^ . ^ {k'^T^^fip',p)} ^ 

(90) 

Again, these conditions guarantee that the differences SZi — SZi, for i = ... 2 
and SZi — SZ\ are systematically of higher order as compared to the order of 
approximation, just as SZ-j, — dZ^. It is clear that this is true for arbitrary sets of 
renormalization conditions, provided one imposes the corresponding consistency 
conditions. 

It follows from the previous considerations that for an arbitrary choice of 
renormalization conditions and corresponding consistency conditions, the com- 
bination of counterterms Z1A2 — Z2A1 appearing in Eq. ([72]) is systematically 
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of higher order than the approximation order and, therefore, that the stan- 
dard Ward-Takahashi identity relating the renormahzed 2PI-resummed two- 
and three-point functions r^'^-* and r^'^-* holds up to higher order corrections. 
Moreover, as discussed previously, it is always possible to adjust the countert- 
erms (i.e. choose renormalization conditions) in such a way that the combination 
Z1A2 — ^2^1 vanishes exactly at any approximation order. We now show that 
our choice of renormalization conditions (|80p and (j83p and corresponding con- 
sistency conditions ([55]) and ([50]) has this property. Indeed, combining the 2PI 
Ward-Takahashi identities ^ and ^ with Eq. one gets 



= f f {ki^f:.\p + k,P)-v},';^'\p + k,p))} (91) 



The RHS of this equation vanishes provided one chooses P2 — P3 and fcj — k^- 
Together with Eq. (I70|l . this implies that 

/ = ^ = 1, (92) 
Zi Zi 

as announced earlier. This guarantees that the gauge-symmetry ([M]) of the 
bare 2PI effective action is exactly preserved after renormalization. Of course, 
this can be achieved by other choices of renormalization conditions as well. For 
instance, standard on-shcU renormalization conditions also have this property, 
see App. |B] 

3.6. The renormalization procedure: executive summary 

We end this section by describing how to implement 2PI renormalization in 
practice. The complete renormalization procedure involves three independent 
steps, each one involving the determination of a subclass of counterterms inde- 
pendent of the others. Depending on the particular application, one may need 
to go only through the first and/or second steps. Most existing applications of 
2PI techniques actually only involve the first step. The three steps are: 

1. Renormalization of QR[<fB. = 0] i.e., in the present context, of the photon 
and fermion two-point functions Gn and or, equivalently of the cor- 
responding self energies S^'^ and ■ This has been described in detail 
in Ref. 17]. For a given 2PI approximation, this requires one to solve the 
coupled equations of motion for Gr and Dr, see Eq. (fT8| . together with 
a Bethe-Salpeter-type equation for the four-photon function Vr discussed 
in the previous section, whose kernel involves Gr and Dr^ simultaneously 
imposing the conditions (I84l)-(l89l) with ([761) -([HI]). This fixes the countert- 
erm@ 6Z^, SAP, SX, 5gi, dg2, SZ2 and Sfh independently of all the other 
counterterms in the 2PI effective action. 



Beyond the two-loop approximation of the 2PI effective action, one also has to determine 
charge and, beyond three-loop, four-photon counterterms in (SFj^^^ in Eq. II52I I. see Ref. [17| 
for details. 
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This first step is enough for all practical applications where one is essen- 
tially interested in the propagator QFi[ipR — 0]. This is actually the case 
of most existing applications of 2PI techniques, for instance the calcula- 



tion of far-from-equilibrium dynamics in scalar and/or fermionic 14 1 
field theories, or the calculation of thermodynamic properties of scalar, 
fermionic, or gauge field theories [1, An explicit application in QED 
has been performed recently in Ref. [2l|. 

2. Renormalization of Qii[ifii\ or, cquivalently, of 2PI n-point vertices, see 
Eq. (|28p . In the present case, only the 2PI three-point vertices 6Yi^ /SAn 
and 5Yi^ /5^f>^ need renormalizationl^ The latter requires one to solve 
the linear integral equation ((32|) together with the condition ((90l) for Vr- 
This fixes the counterterm 5Zi. No extra work is needed to renormalize 
5Ti^ / 5Afi since the counterterm 8Zi is fixed by the symmetry identity 
([74|) : 5Zi = 8Zi. We show in the next sections that these counterterms are 
actually sufficient to remove all divergences from all 2PI vertex functions. 

We stress that this level of description is actually enough for a complete 
determination of all (2PI) vertex functions of the theory. A typical appli- 
cation concerns the calculation of transport coefhcients in gauge theories 
using 2PI techniques 

3. In some specific cases, one might be interested in computing the 2PI- 
resummed vertex functions, which provide an alternative description of 
the theory, see e.g. In particular, the latter are interesting for they 
exactly satisfy Ward Takahashi identities at any approximation order [16| , 
see e.g. ([75]). 

Renormalization of 2PI-resummed vertices is discussed in Sec. [SJ There, 
we show that once 2PI vertices have been renormalized, there only re- 
main global divergences in the 2PI-resummed two- and three-point vertex 
functions which can be eliminated by mere subtractions. Imposing the 
renormalization conditions (|77p - (|83|) leads to a direct determination of 
the remaining counterterms (5^3, Jm, 6Zi and 8Z\ in Eq. ([50|) . In the 
renormalization scheme proposed here, the latter is actually fixed by the 
symmetry identity ((92|) : 6Z\ = 5Z2- 



4. Renormalization of 2PI vertex functions 

This section and the following present a detailed proof of renormalization: 
We show that the counterterms introduced in Eqs. (|50 p - (|52|) . and in turn the cor- 
responding renormalization and consistency conditions, see Sec. 13. 5| are enough 



^''Charge-conjugation invariance implies that the three-photon vertex (5S^'^/5j4jj = 0. 
Moreover, we show later that the four-photon function <5^S^'^/5j4|j, whose superficial de- 
gree of divergence is zero, is actually finite. 
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to eliminate the (sub)divergeiices of all vertex functions of the theory, up to those 
involving composite operators. The symmetry identities discussed in Sec. 13.41 
play a crucial role for they constrain the structure of UV divergences in precisely 
such a way that only those counterterms allowed by the underlying gauge sym- 
metry, that is those which do not spoil the 2PI Ward-Takahashi identities, are 
actually needed. This generalizes the results of standard (IPI) renormalization 
theory. 

A simple example is given by subdiagrams with four photon-legs which, be- 
cause they have a vanishing superficial degree of divergence, are potentially 
divergent. As already mentioned, the treatment of four-photon subdivergences 
is actually a crucial issue in renormalizing the two-point functions Da and Gr 



17[. They are absorbed by four-photon counterterms such as 5gi and (5g2, 
which are allowed by gauge symmetry. In contrast, we shall see that 2PI and 
2PI-resummed vertex functions involve other classes of four-photon subdiagrams 
which, if divergent, would call for non- invariant counterterms in SViritYpR^QB]- 
For instance global divergences in the 2PI and 2PI-resummed four-photon func- 
tions /5A\ and i5^rfl;/(5A|j would necessitate counterterms cx A^^Gr and 
oc respectively. Fortunately, thanks to the symmetry identities they satisfy, 
both functions turn out to be free of UV divergences and there is no need for 
such symmetry-breaking counterterms. 

4-1- 2PI two-point vertex functions 

As already mentioned, the renormalization of the 2PI two-point vertex func- 



tions f^R^ and is discussed in detail in Ref. 17 1. The main results of this 
analysis have been summarized in Sec. 13.51 above. For the purpose of the dis- 
cussion to follow, we recall that, after the counterterms (5M^, SX, Sgi, Sg2, 6Z2 
and Srh, as well as possible charge and four-photon counterterms in ST 2^^'^, 
have been fixed through appropriate renormalization conditions, the functions 
Gr and Dr as well as all 2PI 2n-point kernels 6^^int/^GR\g[a] with negative 
superficial degree of divergence are finitely This includes all 2PI kernels with 
n > 2 but the four-photon kernel ^^rint/^^?jle[o] ■ The latter is actually finite 
up to constant contributions from the counterterms Sgi and dg2, whose role is 



to make the four-photon vertex function Vr finite, as discussed previously [17 1. 
This plays an important role in what follows for these kernels appear as building 
blocks of (2PI and 2PI-resummed) vertex functions (see for instance Eqs. (|26p 
and (|27l) ). 

4-2. 2PI three-point vertex functions 

Here and in the following sections, it is implicitly understood that we work 
in momentum space. However, for simplicity, we shall never write explicitly 
neither momentum variables nor momentum loop integrals, which are pretty 



^■^The renormalization of 2PI kernels is actually the role of the contribution 5r^^^^[(7fl] 
in Eq. I I52I I. We emphasize that the presence of mixed components of the superpropagator Q 
does not modify the analysis of Ref. [TtII . 
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straightforward. We associate diagrammatic representations to the relevant 
equations from which momentum variables and loop integrals can be recovered 
using standard diagrammatic rules. 

The 2PI three-point vertex SYi^ /SipR is given in terms of the self-consistent 
equation p2[) . assuming that the relevant replacements have been made to ob- 
tain the renormalized version of the equation, as explained in Sec. 13.21 This 
equation can be rewritten aj^ 



where we have introduced the notations 



(93) 



^ C^D^jI and A 



^int 



Qr 



(94) 



It is to be noticed that, independently of the approximation, the 2PI kernel 
iS^T^^I 5ij}R5KR appearing in Eq. ([M]) reads, in momentum space: 



(95) 



Equation (j93p is represented diagrammatically in Fig. [TJ It resums an infinite 
series of ladder diagrams with rungs given by the function A. 




Figure 1: Diagrammatic representation of Eq. (|93p for the 2PI three-point ver- 
tex 5Ti^ / 5ipR^ represented by a grey box. The 2PI-kernels IS'^V^^/SiPrSKr and 
iS^V-^^/ SKuSKrIq^ are respectively represented by a dot (tree-level vertex, see 
Eq. (|95}) and a grey disk. 



Renormalization of /5ipR means that one is able to choose the coun- 

terterms, in particular 5Zi, in such a way that 5Y,^ / Sij^R becomes independent 
of the regulator as the latter is taken away (here e = 4 — d — > 0). The aim of 
this section is to prove the existence of 5Zi at any order of approximation of 
the 2PI loop expansion. To this aim, it is convenient to organize the ladder di- 
agrams contributing to ST,^ /6ipR in terms of their number of rungs. Formally, 



^^To simplify notations in the following, we use different greek letters to distinguish photon 
and fermion legs: the first letters of the alphabet a, ■ ■ • ,7] denote fermion ip-like legs; a, - ■ ■ ,fj 
denote fermion </j-like legs; any other (greek) letter denotes a photon leg. 
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we introduce an expansion parameter p which operates a rescaUng A — > p A of 
the rung A in Eq. ((93|) and which is eventually taken to one. The three-point 
vertex ST,^^ /Stpn thus becomes a function of p which can be formally expanded 
as 



sr. 



^eRj2sl%p\ (96) 



''fl n=0 

and a similar expansion can be considered for the counterterm 5Zi: 

oo 

dZi = J2 ^^1"' P" ■ (97) 

n=l 

From Eq. , it is easy to obtain a recursive set of equations for 5*^"' : 
S^°'> - 1 - 

Si% = Jzf^^^ao+5(7;)M''/^,/3''A^.,^s, n>l, (98) 
which can be solved and yields an explicit expression for n > 1: 

- - 4--^. , Xf''^^'^'' y^"' SZ^^'K o MP^./3'' t7("-P) ('QQ^ 

p=l 

where V^"'^ denotes a ladder diagram made of n rungs A connected to each other 
by M, that is, using short-hand notations, 1/^"^ = A(AfA)"~^. As an aside 
remark, useful for later purposes, we notice that, plugging back this explicit 
expression in Eq. (I96[) and taking the limit /9 — > 1, one obtains the solution to 
Eq. (IMl) in the formic 

(5i;^^ iS'^V^ it^'^vR 
where V = X)n>i fulfills the Bethe-Salpeter-like equation 

Vl3i',pa = ^f3v,pa + ^0u,(jf) Af'"'^'"' V^p.^a ■ (Id) 

The utility of introducing the formal expansions ((96)) and (1971) is that it is 
now relatively easy to prove that the counterterms SZ^""^ can be chosen such that 
each <S("\ and in turn ST,'f^ /SipR, is finite. To do so, let us proceed recursively. 
Because = 7m, aa is trivially finite, we first consider 

5^!L = Szi''^-,p,^^ + i.^-p^MP'^-^" ~Apu,ps. ■ (102) 

The second contribution in the RHS of this equation is effectively a one-loop 
contribution involving the building blocks M and A, which we represent in 
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Figure 2: Loop contribution to iS'^'. It only has a global divergence, which can be absorbed 
in the contribution to the countorterm 5Zi, see Eq. I I102I I. 



Fig. [2l Since M and A are already finite, see Sec. 14. 1[ potential subdivergences 
can only arise from subgraphs obtained by combining lines of these building 
blocks. Exploiting the IPI character of proper vertex functions, one finds that 
the only potentially divergent such subgraphs are those depicted in Fig.O They 
involve one fermion and one photon internal line - i.e. a two-particle cut - of 
the ladder rung A. But since the latter originates from a closed 2PI diagram, 

a 



M 

Figure 3: The box represents the structure of potentially divergent subgraphs in the diagram 
of Fig. [21 which involves a two-particle cut through the rung A. No such divergent subgraphs 
exist since the ladder rung originates from a closed two-particle-irreducible diagram. 

no such subgraph exists. We conclude that the second contribution in the RHS 
of Eq. (|102p is void of subdivergences. The remaining global divergenceEll can 
thus be absorbed in the divergent part of Sz[^^ (we denote by ['D]oo the overall 
divergence of a globally divergent sum of diagrams V) : 

(103) 

C30 

SO that iS^^^ is now finite. 

Let us now assume that 5'""^-' has been made finite by a choice of the 
counterterms Sz[^'^ for p < n. — 1, and let us consider 

SI:L = SZ^r^^.-Ac + S^;j^^M''P^P'^ A^..,, . (104) 



^^This solution can alternatively be obtained by solving Eq. I|93| l iteratively. Then, plugging 
this solution in Eq. I I96I I. one obtains the explicit expression I I99I I. 

■^^The tensor structure of the RHS of Eq. JTOSj is fixed by usual power counting arguments 
together with global symmetries, see App. IA.4I Here and in the following, it is implicitly 
assumed that Lorentz symmetry, parity and charge-conjugation invariance are left unbroken 
by both the regularization and gauge-fixing procedures. Under these assumptions, the overall 
divergence of any globally divergent fermion photon three-point vertex function is of the form 
'^div7M with ttdiv constant. 




5Z- 



1 7^,' 



27 



Again, the second term of this equation, represented in Fig. [U is effectively 
a one-loop contribution involving the three building blocks M, A and S^^~^\ 
Since M and A have already been renormalized, and iS'-""^' is assumed finite 




Figure 4: Loop contribution to 5^") . It only has a global divergence, which can be absorbed 
in the contribution to the counterterm 5Zi, see Eq. H104|l . 



by hypothesis, subdivergences in the RHS of Eq. (|104p can only originate from 
combinations of lines belonging to different building blocks. Again, exploiting 
the IPI character of proper vertex functions, one finds that the only potentially 
divergent such subgraphs are those depicted in Fig.[5l where the ladder structure 
of ^(""^^ is made explicit, see Eq. ([99]). No such subgraph exists since they all 
involve a two-particle cut through the kernel A. The second contribution in 
the RHS of Eq. (|104p is thus void of subdivergences and the remaining global 



divergence can be absorbed in the divergent part of SZl 



(«). 



(105) 



so that iS*^"^ is now finite. This ends the proof that the counterterms SZ^^'' and, 





Figure 5: The boxes represent the potentially divergent subgraphs in the 2PI three-point 
vertex ST,^'^ /Sipji- Because the ladder rung A (grey bubble) originates from a closed 2PI 
diagram, it follows that no such subgraph actually exist. 



in turn, 6Zi can be adjusted such that all iS^"'' and, in turn, 6T,^ /S^n are 
finite. 
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We next consider the 2PI three-point vertex 5Yi^ / SAr. Introducing the 
notations: 



M-^-^'^P^DfD^^^ and A,^,„, ^ 



(106) 



we obtain, from Eq. 



10- Lr-, "^^M77,Wa^. 



(107) 



where the first term on the RHS reads, exphcitly, 



-ienil + 6Zi) ^^^aa 



Eq. (|107p is represented diagrammaticaUy in Fig. [HI 



(108) 




Figure 6: Diagrammatic representation of Eq. (|107p for the 2PI three-point ver- 
tex 6T,^ /6Aii represented by a grey box. The 2PI-kernels —iS^r-^^/SARSDR and 
iS^r^^^/SDjiSDjilg^ are respectively represented by a dot (tree-level vertex, see 
Eq. (llOSp ) and a grey disk. 



For simple enough approximations, that is up to and including three-loop 
order in the loop-expansion of F^^t ^rI^ analysis of SY,^ /SAj^^ can pro- 
ceed along the same lines as that of ST,^^ / Si/j above. Since this is a rather 
simple proof, which still concerns already quite nontrivial 2PI approximations, 
we first consider this case. We give a complete proof, valid at four-loop order 
and beyond, later on. Following the previous discussion, we write: 

n=0 

and 

oo 

71=1 

with given either in terms of a recursive set of equations 

Sl% = 5z(")7p,ao+5<',V^'^M^^'^'^A^^,3„, n>l, (111) 
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or explicitly as {n > 1) 

n-l 

'5^1,00 — "-^1 ltJ.,aa -I- 7m,77-"^ '^/S^.aa ^ 1 'A'>77-"^ '^/S^.qS ' 

(112) 

where F^"^ = A(MA)" ^ denotes the ladder contribution involving n ladder 
rungs A connected to each other by M. Again, it is useful to introduce the 
function V — X]ri>i which satisfies the following Bethe-Salpeter equation 

^t3p,aa = ^pp.aa + ^/3^,77 IVP'^'^^ Kyf^.aS , (US) 

and in terms of which Eq. (|107p can be solved as 

Following the same steps as before, one recursively shows that it is possible to 
adjust the infinite parts of the contributions (SZj"^ to the counterterms 5Zi as 



■c("-l)/rf77j/3 A 



(115) 



so that all iS*^") and, in turn, ST,^'^ /SAj^ are finite. A key point in this recursive 
proof is that the expression in brackets in Eq. (|115p be void of subdivergences. 
The potentially divergent subgraphs in iS("^^^A#A which are not subgraphs of 
neither nor M nor A are depicted in Fig. [71 Using the fact that the ladder 

rung A originates from a closed 2PI diagram, they can all be ruled out except 
the last one which involves a three-photon cut through A. Such cuts occur 
whenever Fj^^ ^/j] contains three-photon-reducible diagrams, that is at and 
beyond four-loop order. The above proof is thus valid up to the 2PI three-loop 
approximation. The analysis of higher orders requires a careful treatment of 
diagrams arising from three-photon cuts, which we now present. 

Assume that we isolate one particular three-photon-reducible piece of the 
ladder rung A 

^aa, Pj3 — -^aa G Ruu G R pp G n R +... (116) 

It generates in Eq. (jllip (logarithmically) divergent four-photon subgraphs of 
the form (n > 1), see Fig.[71 

4:-,^)m"'^.'^^l;^^ (117) 

Such divergences are problematic since there is no counterterm allowed by the 
gauge symmetry which could absorb them. Fortunately, these potentially dan- 
gerous terms actually sum up to a finite contribution in the limit p ^ \. Indeed, 
as shown in App. [Dl the following four-photon function 

- ^eR J2 Sj^-^^M'^^'^^L-';^ = -^M'^'^^^^Lj (118) 

n>l ^ 
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a 



a 



a 



a 



Figure 7: The boxes represent the potentially divergent subgraphs in the 2PI three-point 
vertex STj^ /SAn. Because the ladder rung A (grey bubble) originates from a closed 2PI 
diagram, it follows that all such subgraphs but the last one are ruled out. 



is transverse with respect to the external momentum carrying the Lorentz index 

k^^^^pM-^^Mh""^ = ' (119) 

for any possible function L'^p^^ in Eq- (|116|1 . This key property is a non-trivial 
consequence of the underlying gauge symmetry, valid at any loop order. It 
implies that the divergent four-photon subgraphs (|117p sum up to a contribution 
(I118|) whose actual superficial degree of divergence is lowered to —1. It is thus 
finite. 

As it stands the above discussion is not completely rigorous. The point is 
that, in order to deduce the finiteness of pisp from its transversality, one has 
first to show that (|118p is void of divergent subgraphs, see App. |D] However, 
among the subgraphs of (IllSp appears 6Ti^ /5Ar itself, which we want to prove 
finite in the first place. To avoid such a circular reasoning, we consider a formal 
coupling-expansion: 



and 

oo 
n=l 

Let us again recursively show that it is possible to tune the AZ^^'^'s in such 
a way that each i-^^") and, in turn, S^^/SAr are finite. We first consider 
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where {"D}^ denotes the order coefficient in the expansion of V. To order 
e|j, MA is given by its tree level contribution. Thus S^^'^MA is a one-loop 
perturbative diagram. It only has a global divergence which can be absorbed in 

-[Azf^^^J = \sI%Jm^''^'"' A^^,^\ ] . (123) 

We then assume that the 5*^^^^ have been made finite for p < n — 1 by an ap- 
propriate choice of the counterterms AZ^^-* and consider 5^^"^. For the sake of 
the argument, we concentrate on the potentially dangerous contributions dis- 
cussed above, namely the divergent subgraphs in S'^^") which originate from 
three-photon cuts in the rung A, see Fig. [T] Let us thus consider a particu- 
lar three-photon-reducible contribution to the ladder rung A as in Eq. (|116[) . 
schematically: 

A = LG\R+ ... (124) 
This cut generates four- photon divergences in S't^"' of the form, see Eq. (|107p : 




M ML 



{Gli?} +... (125) 

J l+2p 

where 27V = 2n — r — I and, I and r denote the order of the lowest-order contri- 
butions to ML and G^i? respectively (note that Z,r > 3 and thusp-|-g < n — 3). 

As before, we see that all possible four-photon subdiagrams corresponding to 
a given three-photon cut in A sum up to transverse contributions, see Eq. (I119|) : 

for < p < iV. According to the general result of App. ID. 11 to prove that each 
such contribution is finite, it is therefore enough to show that they are void of 
subdivergences. We check that this is the case by inspection. Notice first that, 
here, we do not need to worry about subdivergences originating from neither 
M nor the function L, since they all have already been taken into account at 
this stage, without modifying the transversality property (|119|) . Neither can the 
subdivergences originate from STi^ /5A]:j for it involves the S'^^^^'^'s up to order 
2p — 2N < 2n, which are finite by assumption. The only possible divergent 
subgraphs are four-photon subgraphs belonging to the same class as the original 
structure in Eq. (I126p but strictly included in it, which can occur if L is itself 
three-photon-reduciblc. In that case, L can be further split as i = L'&C and 
one is lead to analyze a similar structure as in (|126p . with L ^ L'. Applying 
this argument iteratively, one is ultimately lead to discuss the case where the 
function L in Eq. (|126p is no longer three-photon-reducible. It is thus void of 
subdivergences and, consequently, finite since transverse. One concludes that, 
as a consequence of the underlying gauge symmetry, the four-photon function 
appearing in Eq. (|126p is finite for any choice of L. 

It follows that the only divergence in S**^^"^ is a global one, which can be ab- 
sorbed in the 0(6^") contribution AZ^^"' to the counterterm SZi, see Eq. (|125p . 
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4-3. Higher 2PI vertex functions 

The next step is to show that once 2PI two- and three-point vertex functions 
have been renormahzed, higher 2PI vertex functions are void of subdivergences. 
We present this technical proof in App.[El It foUows that aU 2PI vertex functions 
with negative superficial degree of divergence are UV convergent. Only the 
2PI four-photon vertex / 5 A^^^ whose superficial degree of divergence is 

zero, might contain an overall divergence. As already emphasized, if present, 
such a divergence could only be removed by including a symmetry-breaking 
counterterm cx A^G^ in Eq. (jSip . Fortunately, as shown in the previous section, 
the renormalization procedure which removes the subdivergences of / 5A\ 

does not spoil gauge-invariance, we can thus use the symmetry identity (|7ip 
and the result in App. ID. II to conclude that because S^T,^^ / SA^j^ is free of 
subdivergences, it can neither have overall divergences and it is thus finite. 
This completes the proof that all 2PI vertex functions can be made finite by a 
suitable choice of the (gauge-invariant) counterterms of Eqs. ([5T|) and ([5^ . 



5. Renormalization of 2PI-resummed vertex functions 

We finally come to the third step of the renormalization procedure described 
in Sec. 13.61 i.e. the renormalization of 2PI-resummed vertex functions. As we 
saw in Sec. 12.21 see also (24 . il6i] , the latter can be expressed in a closed form, 
involving a finite number of contributions, in terms of the propagators Dr and 
Gb. and higher 2PI vertex functions. Using this fact, we show in this section that 
all possible subdivergences of 2PI-resummcd vertex functions are eliminated by 
the renormalization of 2PI vertices. Once the latter have been made finite, 
there remain at most global divergences in the former, which can be eliminated 
by mere subtractions - i.e. local counterterms. As discussed in Sec. 13.41 see 
also Ref. 2PI-resummed vertex functions exactly satisfy standard Ward- 
Takahashi identities at any approximation order and, therefore, so do their 
global divergences. As a consequence, only those counterterms permitted by 
the underlying gauge symmetry, see Eq. (|50p . are needed. (N.B.: The remark 
concerning notations at the beginning of Sec. 14.21 applies to the present section 
as well.) 

5.1. 2PI-resummed two-point functions 

We first consider the fermion two-point function P^'*^' = S'^Th/S^rS'iI'ii, see 
Eq. dSS]). Using Eq. pUil)) . it can be written a@ 



(127) 



^*We use the same convention as in the previous section to distinguish photon from fermion 
legs: the first letters of the alphabet a, . . . , r; denote fermion i/i-like legs; a, • • ■ ,f) denote 
fermion i/i-like legs; any other (greek) letter denotes a photon leg. 
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-i ri'-°' = D"J„ - + ai^^a + a 
R cxcx 0,R aa ^ ' ' 



W 



Figure 8: Diagrammatic representation of Eq. 11271 1 for the 2PI-resummed two-point function 



-.(2,0) 



-i5'^Tji/&ipji5il)R in terms of W , defined below Eq. I|127|l . 



where we have defin ecQ W'.^^^p^ = M^J-^p^ + Vya,pj with M^^^p^ = Gj^^pD^^^, 
see Eqs. (|M)) and (|10ip . The diagrammatic representation of Eq. (|127p is 
given in Fig. [SJ where we have made exphcit the fact that the 2PI kernels 
5'^T-^^/5^R5i)R and iS'^T^^/ SiPrSKr = iS'^T^^/ SKrSiPr only contribute at tree 
level, see Eq. (|95|) and: 

J-I^(p) = (5Z2i)-8ni)- . (128) 
Plugging Eqs. ^ and (fHS]) into Eq. (fT27l) . we obtain 

+ fa„(p) + (5ZiT'a«(p)+faa(p)<5Zi + 5Zifa„(p)^Zi, (129) 
where we introduced the function 

Taa = le\-i,^pJr'^'^^W^,^p^MP^'^^'-fp^^p . (130) 

Using Eq. (|10ip . one sees that it is made of ladder diagrams with rungs A, 
see Fig. [9la, which a priori contain (sub)divergences. Using the diagrammatic 
interpretation of the counterterm 6Zi obtained previously, see Eq. (I105|) . one 
checks that that the terms involving 5Zi in Eq. (I129|) absorb the class of sub- 
divergences depicted in Fig. [51b. One can show by inspection that there are, in 
fact, no other subdivergences in Eq. (|129p . The superficial degree of divergence 
of the two-point function r/ SijinSipR being +1, the remaining global diver- 
gence is a polynomial of order 1 in momentum space, which Lorentz structure 
must be -\- B, with A and B divergent numbers. The latter can, therefore, 
be absorbed in the countcrtcrms SZ2 and Sm: 

- {5Z2i)-5m)aa fB,a{p)+5Zifaa{p)+faa[p)5Zi+5Zifaa{p)5Zi _. 

J 00 L J 00 

(131) 

We next consider the photon two-point function 5^T rJ 5Ar5Ar. Following 
the same steps as before, we get, from Eqs. ([55)1 and (|114p . 



o,flM. 5A^r5A^^ ^ 5A%5Df ''''' ^DIHA^^ ' 

(132) 



Alternatively, the function W can be defined through V = KMW . 
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(a) 





(b) 



1 rung or more 



rungs or more 





rungs or more 





1 rung or more 



1 rung or more 



1 rung or more 



Figure 9: Loop contributions to F^'"^. Fig. a represents a ladder diagrams originating from 
the second term of Eq. I I129I I. Tlie boxes in Fig.b show possible coupling subdivergences of 
the latter. These are absorbed by the last three terms of Eq. I|129|l . 



where we have defined W^-^ „fi = M^/ _ + V^^ nri with M^/ _ = D^^^ D„\^, see 
Eqs. p06p and (|113p . The diagrammatic representation of Eq. p32p is given in 
Fig. [TOl where we have made explicit that the 2PI kernels S^T^^^/SAijdAu and 



-i r'°'^' = G:^„ + m'Vn.tn/nI.v + M 

R MV 0,R MV 




Figure 10: Diagrammatic representation of Eq. I I132I I for the 2PI-resummed two-point function 
-iF^'^' = -iS'^Fn/SAiiSAR in terms of W. 



i6^T^^^/5Afi5Djf only receive tree-level contributions, see Eq. (jlOSp . and 



2-nR 



(133) 



where P^jy{k) is the transverse projector introduced in Eq. ([75]) . Plugging 
Eqs. (fTU5|l and (fT^ into Eq. (fT^ . we get 

+ T^.(fc) + SZif^,{k) + T^,{k)SZi + 5Zif^,{k)SZi , (134) 
where we defined the function 



(135) 
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Using Eq. (|113p , one sees that it is made of ladder diagrams with rungs A, see 
Fig-HHa, which contain (sub)divergences. Similar to the case of F^'^'' discussed 
previously, one easily checks that the terms involving 5Zi in Eq. I|134p absorb 
three-point subdivergences of the type depicted in Fig. [TTlb. 




1 rung or more rungs or more 1 rung or more 



Figure 11: Loop contributions to Fjj' . Fig. a represents a ladder diagram originating from 
the second term of Eq. II134I I. Boxes in Fig.b show possible coupling subdivergences of the 
latter. These are to be absorbed by the last three terms of Eq. I|134| l. 

But in the present case, these are not the only potential subdivergences. In- 
deed, there can be - starting at the four-loop approximation of the 2PI effective 
action - four-photon subdiagrams such as those depicted in Fig. [121 These are 
the very same four-photon subdiagrams we encountered in discussing the renor- 
malization of ST,^ /SAij in the previous section. We already showed that they 
in fact sum up to finite contributions, thanks to the underlying gauge symmetry. 

Finally, there are potentially divergent four-photon subgraphs which arise 
from the internal structure of the resummed propagator- lines and Gn. Re- 
calling that the latter resum infinite subclasses of perturbative diagrams, one 
can combine some of the photon lines of these perturbative diagrams with the 
external legs of the original diagram to form (potentially divergent) four-photon 
subgraphs, as depicted in Fig. [T31 These subgraphs are such that two of their 
external legs are those of the original 2PI-resummed photon two-point func- 
tion S^Tii/SAii6Aij and the other two are obtained by opening a perturbative 
photon line Gq.r somewhere in the diagram. Writing 

(136) 
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Figure 13: Divergent four-photon subgraphs in Fjj ' ' , obtained by combining the two external 
photon legs of the original diagram with perturbative photon lines Go,r from the internal 
structure of the resummed propagators Dji and Gji (grey blobs) . 
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we deduce that the (infinite) sum of these subgraphs can be written as a func- 
tional derivative of the self-energy with respect to the tree-level propagator 
Gq^r: 6Ilji/SGo,R^ We show in App. ID.3l that this quantity is actually related 
to the 2PI four-photon vertex S^'S'^^ /SArSAr: 



G 



pX 
0,R 



SG, 



G 



ipA 



R 



(137) 



Since Gr and S^'E^^ /SArSAr have already been made finite, Eq. (|137p implies 
that SHr/SGq^r is finite as well. Moreover, using the 2PI Ward identity ([71]) . 
one concludes that it is transverse with respect to the momenta carrying the 
labels and f (those originating from field derivatives), schematically: 



SHr 



= k 



J^R 



5G, 



Q.R 



= 0. 



(138) 



We conclude that once 2PI resummed vertices have been properly renormal- 
ized, there are no subdivergence left in F^'^''. The remaining global divergence 
is thus a polynomial of degree 2 in momentum space, constrained by Lorentz 
and gauge symmetry, see Eq. ([75]) . to be oc A{g^'^k^ — k^k'^), with A a constant. 
It can, therefore, be absorbed in the infinite part of 5Z^, see Eqs. (|134p - (|135p : 



SA^R 



(139) 



5. 2. 2PI-resummed three-point function 

Our starting point for the analysis of the 2PI-resummed three-point function 
is Eq. ((37)) . which involves, in terms of renormalized quantities, the various 2PI 
two- and three-point functions as well as the 2PI four-point vertex function 
d'^Yi^ / 5Ar5iI}r. The latter fulfills a linear integral equation, see Eq. (|34p . which 
can be conveniently solved in terms of the function V introduced previously, see 
Eq. (fTUTD : 



Du^^Dr 



D. 



6Y. 



SA'r 

4>A 



R r< 




hp 

Dr'Md^. 



Qr 



(140) 



^More precisely, it corresponds to a derivative at fixed Do n and fixed counterterms. 
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Plugging this equation into Eq. ([57)) and using Eq. (|100p . one finally obtains the 
following expression for the 2PI-resummed three-point function: 



(2,1) 
R fiaa. 



( /sv^^ i^y"^^ ^y^"^' 




5t 



sr. 



R 



^int 



77 ix H K 



Qb. 

(141) 



which is particularly suited for hunting potential subdivergences. Here, we used 

-ieR(l + (5Zi)7^,ac . (142) 



Equation (|14ip is represented diagrammatically in Fig. [Ml where the exact 2PI 
kernel (jl42p is represented by a tree-level three-point vertex. It is a rather 



|-(2.1) 
R, tjaa 




Figure 14: Diagrammatic representation of Eq. II141I I. The grey blob represents the 2PI kernel 
i&^VP^^I 8Dji8Kji&Kji\q^. The grey boxes represent the 2PI three-point vertices STi^ /S'tpR, 
52^*/5V^fl and 5%'^' /SAr. 



easy task to see that the diagrams of Fig. [M) are, in fact, void of subdivergences. 
First, their building blocks - namely the resummed propagators Dji and G^j, the 
2PI three-point vertices ST,^"^ /SipR, ST,^ /S^r and ST,^ /SAn, and the 2PI six- 
point kernel iST^^^f SDnSKuSK nlg^ - are all UV convergent. As a consequence, 
possible subdivergences - i.e. subgraphs with non-negative superficial degree of 
divergence - can only arise by combining some of these, or part of these together. 
A careful inspection demonstrates that there are no such subgraphs in the second 
diagram of Fig. [141 The third diagram contains possible four-photon subgraphs, 
as represented in Fig. 1151 These have a similar structure as those encountered 
previously in the renormalization of ST,^ /SAji, see Eq. (|118p . A similar analysis 
shows that they are finite. 

There only remains a global divergence in F]^^ , whose Lorentz structure 
is oc Ajfi with A a constant, and which can, therefore, be absorbed in the 
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Figure 15: These subgraphs are potentially divergent. Fortunately, the 2PI Ward-Takahashi 
identities ensure that these subgraphs are all finite. 



counterterm SZi 



tr 



— 



R 



s^R ^ 



^int 



'R 



R 



^R 



Qr 



(143) 



5. 3. Higher 2PI-resummed vertex functions 

A similar analysis as that performed above for 2PI-resummed two- and three- 
point vertex functions demonstrates that higher n-point functions are void of 
subdivergences as well. This is detailed in App. [E] Thus 2Pl-resummed vertex 
functions whose superficial degree of divergence is negative are automatically 
UV convergent. This includes all n-point vertices with n > 4 but the four- 
photon function r^'"*-* = 5^T n/SA^,. As explained previously (see also [l3|) the 
latter exactly satisfies the usual Ward-Takahashi identities at any approximation 
order in the 2PI expansion, which states that it is transverse with respect to 
its four external momenta. Its actual degree of divergence is, therefore, —4 
and it is consequently finite. This completes the proof that all 2P1 and 2PI- 
resummed vertex functions of the theory can be renormalizecj^ by means of the 
gauge-symmetric counterterms in Eqs. (I5(I)) - (I5^ . 
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A. Global symmetries 



We work out some consequences of the global (Lorentz, parity, charge- 
conjugation and global U{1)) symmetries of the gauge-fixed QED classical action 
for 2PI and 2PI-resummed vertex functions. The results of this section apply 
indifferently to either bare or renormalized vertex functions. For notational 
convenience, we present results for the former. 

Let us first recall some general results concerning linearly realized symme- 
tries, see Ref. [l^. It is an easy exercise to show that any linearly realized 
(global or local) symmetry of the classical action, i.e. 

Sy] = S[ip'] (144) 

under a transformation 

</'m(a;) 'f'mi^) = / Amn{x,y)(pn{y) + B,n{x) (145) 



with iy9-independent (invertible) supermatrix and supervector fieldqfj A{x, y) 
and B{x), translates at the level of the 2PI effective action as: 

r2Pi[ip,g]=T2Pi[ip',g']. (146) 

where 

S'mniXiy) = Arnpix,u)Anq{y,v)gpg{u,v) . (147) 



From Eq. (|146p one can deduce a number of symmetry identities relating the 
various n-point functions of the theory, see Ref. [l6| . For instance, assuming 
that g[ip] is unique, one concludes that it transforms covariantly: 

g[ip'] = g'[ip] . (148) 

or, equivalently (space-time variables implicit), 

S„„ [ip'] = tp, M A-,l Apl . (149) 



It follows that: 



8ipp ■ ■ ■ 8lpx 



Auil ' ' ' AiippAu^n Au^m ; 

(150) 



from which one deduces symmetry identities for the 2PI vertex functions (|28p 



We restrict our attention to the case where bosonic and fermionic components of the 
superfield are not mixed by the symmetry transformation. This means that A^mn ^ iff 
(— 1)9™ = (—1)9" or, equivalently, \qm\ = \qn\- In particular, the only nonvanishing compo- 
nents of the matrix A are c- numbers. 
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Finally, using Eq. (|148p . one sees that the 2PI-resummed effective action 
(fT7|) shares the same symmetry property as the classical action: 



r[^'] . (151) 



It follows that 

SPY 



Sipp ■ ■ -Sipi 



SPY 



Amf-AupP, (152) 



which leads to symmetry identities for 2PI-rcsummcd vertex functions (j21|) . 

In the following, we analyze the consequences of the global J7(l), parity, 
charge-conjugation and Lorentz symmetries of the QED classical action. These 
all correspond to global, purely linear transformations of the form (|145p . possibly 
involving a space-time transformation, i.e.: 

A^n{x,v) = MmrJ^^^i^'^x -y) and B™(x)=0, (153) 

with A a constant invertible 4x4 matrix and M. a constant invertible (12 x 12) 
supermatrix. For the symmetry identities derived in this section to be valid, 
the 2PI approximation at hand must satisfy Eq. ()146p for each symmetry under 
consideration. All global symmetries of QED listed above are respected by the 
2PI loop-expansion at any approximation order. 

A.l. Global U{1) 

The global U{1) symmetry of QED corresponds to the transformation (|145|) . 
(fT53l) with A = l4x4 the 4 X 4 identity and M = diag (04x4, e*"l4x4, e-'"l4x4) 
where a is an arbitrary real number. In this case, Eq. (|150|) implies that, for 
¥^ = 0, 

— = unless g„ + q„i + H h % = . (154) 

dipp ■ ■ ■ dipi 

Similarly, it follows from Eq. (|152p that 2PI-resummed vertices satisfy [ip — 0) 
(5"r 



5ipn ■■■5ip] 



= unless + • • • + q„ = . (155) 



More generally, since Pint [y', 5] is invariant, one concludes that any quantity 
having a nonvanishing fermion number vanishes for — olffj For instance, 

S'^^int/ 5Gmn5^l\g = UulcSS qi + Qm + Qn = 0, Or S'^Tint / SGmnSGrslg = UulcSS 
Qm + Qn + Qr + Qs = etC. 



'^''This result is extensively used in the previous section. Notice that the fermion number 
of a propagator is the opposite as that of a self-energy. For instance, the fermion number of 
SGmn/Sipi is qm + q-n. - 9i : ^S^a/^V' 7^ 0, whereas = for 93 = 0. 
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A. 2. Lorentz symmetry and parity 

Lorentz transformations correspond to (|145p . (|153p with A the transfor- 
mation matrix of space-time variables and M the bloc-diagonal supermatrix 
M. = diag (A, ^(A), [^"^(A)]*), where S{A) is the Lorentz transformation ma- 
trix for Dirac spinors. In that case, Eqs. (|148p - (|152p lead to the following 
relations for the fermion and photon inverse propagators, in momentum space: 

D-\Ap) ^ S-\A)D-\p)SiA) , G;J(Ap)-A/A,-G;;(p) (156) 

and similarly for the 2PI-resummed fermion and photon two-point functions 
r(2,o)^p^ and r^^'^^p). Similarly, the three-point functions (see Eq. ([57]) ) satisfy 

V^^''\Ap',Ap) - A/5-i(A)V;(2-i)(y,p)5(A) (157) 

and similarly for the other 2PI three-point vertices V"(^'^) = i6Tj^^/6Tp and 
STfAip/S-ip as well as the 2PI-resummed one F^^'^^. 

Parity transformations can be cast in a similar form as Lorentz transforma- 
tions with A — s- P = diag (1, — 1, — 1, — 1) the space-time inversion matrix and 
S(P) = 70- Parity constraints on vertex functions can be obtained from the 
above equations with this simple replacement. 

A. 3. Charge-conjugation 

Charge-conjugation takes the form (|145p . (|153p with A = l4x4 and 



l4x4 














c 





c-1 






\ C , (158) 

\ c-i / 

where C is the usual matrix for charge-conjugation of Dirac spinors, defined by 
the equation C'^ = --f^,^ 

For n-photon vertex functions — 6'''^^^'Eaa/SA"^^\^^0: the constraints 

(fTSO]) and (fT52|) translate to {ip ^ implicit) 



SAn-2 ■■■SAi SAn-2 • • • Ml ' 

and similarly for 2PI-resummed photon vertices: pf"^"' = (_i)"r^°'"). This 
implies that 2PI and 2PLresummed photon vertices with odd number of legs 
are identically zero as expected from Furry theorem. 

For vertices with fermionic legs, charge-conjugation symmetry relates func- 
tions with -0- and ^/'-components exchanged. For instance, one obtains, for the 
fermion inverse propagator and the three-point vertex function in momentum 
space, see (|B5 1) - (p7)) : 



D-\p) = C D-\-p) and ^(^'^^(p',^) = -C Vl^-^\-p, ~p') 



t 



(160) 



*For simplicity, wc use a basis where C* = = C ^ = —C. 
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and similarly for the 2PI-resummed two- and three-points vertex functions T^'^'^^ 
and r^^'^^.Here, the transposition refers to Dirac indices only. As for the other 
2PI three-point functions, Sf^^j^/Sip and dYiAjp/Sip, one obtains Eq. (pij) . Equiv- 
alently, the latter reads, in momentum space, with obvious notations: 

A. 4. Lorentz structure of two- and three-point vertex Junctions and their diver- 
gences 

By construction, the momentum space fermion and photon inverse propaga- 
tors have the following propertiesF^ 

z^-i(p)]^ =7o*^-'b)7o and [*G;J(p)] * = *G;^i(p) = zG;J(p) , (162) 

and similarly for the 2PI-resummed fermion and photon two-point functions 
r(^'°)(p) and r'^'^'^)(p). Here, the hermitic conjugation refers to Dirac indices 
only. Similarly, the 2PI and 2PI-resummed three-point vertex F^^'^^ = 5Ti^^/5A 
and r'^^'^^(p',p) behave, under hermitic conjugation, as 

=7o^i'''nP,p')7o, (163) 

and similarly for V'^^'^^p' ,p). 

Using the relations (|162p and the symmetry constraints (|156p and p60p . it 
is a simple exercise to show that the fermion and photon two-point functions 
admit the following Dirac and Lorentz decompositions respectively: 

iD-\p) = Jo(p')l + di{p')i> and zG;J(p) - .9o(p').9p. + 92{p')v^.Pu (164) 

where do, di, go and g2 are real functions. Similarly, using Eq. ()157|) for Lorentz 

and parity symmetries as well as charge-conjugation symmetry Eq. (jl60p and 

the relation l|163p . it is straightforward to check that the three point function 
(21). 

Vi2 ' admits the following Dirac decomposition: 

(165) 

with a'^P — ^[7'', 7''], where [q — p' + p, k = p' — p) 

Vl^{p\p) = asq^ + hk^, (166) 
^i^AP'P) ^ ^vgfiiy + Pvqtiqu + lvki_,k^ + ^vqiiku -I- lyk^qy , (167) 
V^Ap'^p) = aAW-'Z^fe'^ (168) 
^,f,,.p{p',P) = arig^ukp - g^^pk^) H- Prq^iqukp - k^qp) 

+ ^rigpi^qp - gppqy) + ^Tkp{q„kp - k^qp) , (169) 



•^^ These follow from the fact that the 2PI effective action is real and from the 
(anti)commutating properties of the various field variables. 
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where the form factors 0:5 = as{x,y, z), Ss = 5s{x,y,z) etc. are all real 
functions oi x — q^, y = and z — q ■ k. The a's, /3's and 7's are even 
functions of z, whereas the S's and e's are odd in zjfj The 2PTresunimed 
two- and three-point vertex functions r(^'°^(p), r^1;^^(p) and T^^'^\p' ,p) admit 
similar decompositions with corresponding form factors do, . . . ,eT- 

The 2PI Ward-Takahashi identity (|70|) implies (for p and p' noncoUinear) 

zas{x,y,z) + ySs{x,y,z) = -e [Jo(p'^) - ^ob^)] , (170) 
zPv{x,y,z)+yev{x,y,z) = [Ji(p'2) - (Ji(/)] , (171) 

av{x,y,z) + yjv{x,y,z) + zSv{x,y,z) = [di{p''^) + di{p'^)] (172) 

and 

z(3t(x, y, z) + yerix, y, z) - 6t{x, y,z) = 0. (173) 

Note that, for p'^ — p^ and k^ — (i.e. y = z = 0), in particular for on-shell 
momenta, these relations boil down to: 

ay(V,0,0) = -edi(p2). (174) 

Similar relations hold for the form factors of 2PI-resummed two- and three-point 
functions F^^'*^' (p) and T^^'^^ (p' ,p), which satisfy a similar Ward-Takahashi iden- 
tity, see Eqs. jfH) and dTS]). The 2PI-resummed two-photon function r(°'2)(p) 
is further constrained by gauge symmetry, see Eq. (I73|) . which implies that 
ffo(p^) = -p^g2ip^). 

It follows from Eqs. (|164p - ()169|) and the fact that, once all subdivergences 
have been eliminated, the global divergence of a given graph is a polynomial (in 
momentum space) of degree equal to the superficial degree of divergence of the 
graph [2§| , that the global divergences - denoted by [. . . ] do - of the two- and 
three-point functions iD~^ , iG~^ and T/^^'^^ have the following structure: 

[iD^^ijp)] ^ = a™l + a^i) and [iG~l(jp)\ ^ = [um + azp^)gt,v + axPt^Pv 

(175) 

and 

V^^'^\p',p) _ =a.j^ (176) 



^^Projecting the QED vertex on the fermion mass shell by means of the Dirac spinor u{p) 
and u{p), right and left eigenvectors of ^ with eigenvalue m, and using standard Gordon 
identities, one recovers the usual result: 

"(p')vi'''''(p'.P)«(p) =«{p') [A(fc^)7M + i-P'2(fc'W,.fc''] u{p) 
where the electric and magnetic form factors read 

F2{k'^) = -asik"^) -2m0v{k^) -2maA{k^) + arik^) -'ik'^0T{k'^) 
where ayiy) = £1^(4™,^ — y, y, 0) etc. 
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where a^, a^, aM, clz, cl\ and a„ are real constants. The symmetry identity 
(fT72l) . or p74)) . imphes that = —eUz, from which one deduces, in particular, 
that Z1/Z2 is finite, see Eq. (|74p . The global divergences of 2Pl-resummed two- 
and three-point functions r^^'^\p), r(°'^^(p) and r(^'^^(p',p) are constrained in 
a similar way with corresponding constants Um, az, aM, az, a,\ and Uv The 
symmetry identity ([75]) further implies that, for the 2PI-resummed two- photon 
function, a^i — az + a\ = 0. 

Finally, similarly to Eq. (|163p . the two remaining 2PI three-point vertex 
JE^^/JV and ST,'^^/S'tlj are related by 

It follows from this relation as well as Lorentz, parity, and charge-conjugation 
symmetries, see Eqs. (|157p and (|16ip . that they admit a similar decompo- 
sition as ()165p - p69|) with corresponding real form factors a^^-* , . . . , e^^^ and 
a^^\ . . . , e^^' respectively. However, the latter are neither even nor odd func- 
tions of z but are, instead, related by Eqs. (|16ip and (|177p as e.g. fiy ^ (x, y, z) = 
Oiy {x, y, —z), and similarly for all a's, /?'s and 7's, whereas (5's and e's are such 
that e.g. (5y''(x,y,z) — —Sy\x,y,—z). It follows that their global divergence 
is given by 

= a,7'^ , (178) 
with 0,1, a real constant. 



B. On-mass-shell renormalization conditions 

Here, we consider a more conventional set of renormalization conditions than 
the one considered in Sec. 13.51 where mn and e^j are identified with the physical 
fermion mass and electromagnetic charge. We show, in particular, that this is 
also a gauge-symmetric set of renormalization conditions in the sense that it 
leads to Eq. ((75|) and, therefore, all 2PI Ward-Takahashi identities are exactly 
preserved after renormalization at any approximation order. 

The renormalization points are chosen such that photon (fc*) and fermion 
(p^,) momenta are on their respective mass-shell: — and pi = m^. It is 
convenient to consider the 2PI-resummed and 2PI fermion self-energies I^bXp) 
and Si?,(p) as functions of the Dirac matrix ^: 

Efl(p) = (179) 

and similarly for I]jj(p), where we keep the same letter on both sides of the 
equation for simplicity and make sure that no ambiguity is possible in the fol- 
lowing. Moreover, the 2PI-resummcd three-point vertex projected on physical 
fermion states reads, see Sec. IA.4[ 

u{p')T^^f{p\p)u{p) = u{p') [F,{k')j^ + iF2{e)a^,k''] u{p) , (180) 
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where the Dirac spinor u{p) is a solution of the Dirac equation (^ — m_R)u(p) — 
normalized as u{p)u{p) = 1. The functions Fi and F2 are the standard electric 
and - up to a factor 2rnjj - magnetic form factors of the fermion. In particular, 
Fi(0) is the total electric charge of the latter. It can be obtained as: 



Fm^^u{p)Tf^\p,p)u{p) 



(181) 



Standard on-mass-shell renormalization conditions are formulated as follows: 



0, 'Er{:^ = mn) = 0, 



k^=a 



di) 



The corresponding consistency conditions read: 



dk^ 



k^=0 



dk^ 



fe2=0 



mR) 



= and Fi(0) = -cr. 

(182) 

(183) 
(184) 



d^R{i>) 



di) 



and 



Fi(0) = i^i(0)-Fi(0) 



(185) 



where Fi(fc^) and Fi(fc^) are the electric form factors corresponding to the 
renormalized 2P1 vertices vj^'^'^ and vj^''^^ respectively. 

Writing the 2PI Ward-Takahashi identity ^ in the limit k 
the 2PI Ward identity 



0, one gets 



Zi CR dp 



i>=ran. 



(186) 



from which it follows, using the above renormalization and consistency condi- 
tions, that Z\ — 712- Similarly, we obtain, from Eq. (|72p . 



Fi(0) = 1 - A2 -f - 2 — -7 — 

Zi eR Zx dp 



(187) 



It follows that Z\[\ ~ A2) — Z2{1 ~ AZi), and then, because Zi — Z2, that 
Zi — Z2, as announced. 



C. Vertex functions in the 2PI superfield formalism 

We provide general tools to deal with 2PI techniques in the superfield for- 
malism and use them to derive general expressions for various vertex functions. 
As usual, 2PI-rcsummcd vertices can be expressed explicitly in terms of 2PI 



vertices, which fulfill self-consistent equations [2j|. Our analysis is greatly sim- 
plified by the use of a generalized Leibniz rule for computing multiple derivatives 
of products of supermatrix. 
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C.l. Generalized Leibniz rule 

The (right) superfield-derivative of the product of two supermatrices, say A 
and B reads, exphcitly, 

^{ABUn = ^6p„ + (-l)^^(^-+«"+«^)A,p^ , (188) 

where qj denotes the fermion numbers associated with the superindex j = 1, m, p 
and accounts for possible field derivatives in the matrix A. For instance, if 
A = Q , = whereas if ,4 = 6Q /Sipr, qa — ~<lr etc. It is convenient to rewrite 
Eq. (|188p in a component-independent form. To this purpose, we notice that 

= ((7''Ma'i)„p , (189) 

where a is the bloc-diagonal supermatrix a = diag (l4x4, — l4x4, — l4x4)- Defin- 
ing now the superderivative of a supermatrix as 

^A^^ia'^^A), (190) 

it is possible to rewrite Eq. (|188p as 

where the sign factor (—1)919^ appears because the superderivative Ss/S(pi goes 
through the supermatrix A before to act on B. Repeated use of Eq. (|19ip leads 
to the generalized Leibniz rule for the fc-th superderivative: 

-(^B)^y(-i)^^ . , (192) 



where the sum runs over all possible subsets J = {ji, . . . , j^} of {1, . . . , A;} 
such that ji < ■ ■ ■ < jq- We denote by / = {ii, . . . , ip} with ii < . . . < ip the 
complementary subset (k — p+qj^ lUJ = {1, . . . , k}. A sign factor arises each 
time a superderivative S/Sipj goes through the supermatrix d^A/Sipi^ ■ ■ -dipi-^. 
This produces a factor (^—l)ijQA -^^gH ^s a factor (—1)9^9' for each i < j: 

5'j = qAqj - X! ' 

where we introduced the notation qj — "^j^jqj- The relative sign in (jl93p 
makes no difference and is chosen negative for later convenience. In order to 
express formula (|192p in terms of normal derivatives we use the obvious relation 

— =a^^+-+'"^-- (194) 



•^^Either I or J can be the empty set, in which case the corresponding derivative is the 
identity operator. 
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to obtain 



^ — ' niri: . . . am: Am ^ • • • niri^ 



The presence of the matrices a is cumbersome. In practice however, we shah 
eventuaUy be interested in evaluating derivatives for physical values of the fields, 
in which case the U{1) symmetry of the theory implies that, see App. \^ 

5 Aran qA + qm + qn + qi is odd. (196) 



It follows that 



SPA SPA 

^ , (197) 



or, in matrix notation, 



^"•^ a = [-1)'^^+'" . (198) 



■■■fzi Sifi^ ■■■Vn 

Thus, provided that one keeps track of the sign factors, one can get rid of the 
matrices a. We obtain, explicitly, 

-^^{AB) = Ti-lf'^^ , (199) 

Sipk---Sipi ^ Sipi^ ■ ■ -Sfi^ S^^j^- ■ -Sipj^' 

with Sj — 5'j + q,j{qi + qA), that is 

(200) 

i>j 

Equation (j200p has a simple interpretation: One adds a contribution qiqj to 5j 
for each pair of derivatives SjS^pi and S/S^pj, not acting on the same factor {A 
or B) and appearing in the same order as on the left-hand-side of Eq. (|199p . For 
instance, for fc = 2, we get 

-^iAB) = ^B+{-ir^^^^ + ^^ + A^, (201) 

which is easily checked to be correct by a direct calculation. 

C.2. 2PI-resummed vertex functions 

The 2PI-resummed vertex functions are defined as field derivatives of the 
2PI-resummed effective action evaluated at vanishing fields. Taking a field 
derivative on Eq. (|23p . we obtain the 2PI-rcsummed two-point vertex function 
as _ 

SGmn <5 Tint 



Skp2^^\ ' Skp2^^\ 



5^P2 5Qmn5^pi 



(202) 
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where it is understood that derivatives have to be evaluated at ip — ip — 0. 
Similarly, one obtains the 2PI-resummed three-point vertex function 



6^r 



Sip36ip2Sipi Sip3Sip2S(pi 



as well as higher (fc > 4) 2PI-resumnied vertex functions 



6(pk ■ • ■ S(pi S(fk ■ ■ ■ (>(p2 SQmnSipi 



(203) 



(204) 



Notice that, in deriving these expressions, we have assumed that the interaction 
term of the classical action is cubic in the superfield. It follows in particular 
that 6^rint/S(p^ and S'^Tint/SQSip are ip- and ^-independent. 

From the above formulae, it follows that the determination of 2PI-resummed 
vertex functions essentially amounts to the evaluation of field derivatives of Q 
at vanishing fields. The latter can be directly related to 2PI vertex functions, 
that is derivatives of S evaluated at vanishing fields, see (|28p . Using Eq. p99p 
with A = and B — Q and extracting explicitly the term corresponding to 
J = {!,■■■ ,k} (i.e. / = 0), we get 

_« . J: (-l)'-g , , . (205) 

difk--- difi ^^^^ bipi^ ■ ■ ■ bp.,^ bp}j^ ■ ■ ■ bpj^ 



where we used Eq. (|T8|) on the RHS. Here again derivatives are understood to 
be taken s.t tp — Cp = Q. 

Eq. ()205p is a recursion formula which expresses the k^^^ derivative of Q in 
terms of its q^^ derivatives with q <k — \. Successive iterations yield 

, - E(-l)'^^^^ fl i , ' (206) 

where the sum runs over all possible families {Ir} = {/i, ...,/_r}, I < R < k, 
of nonempty disjoint subsets of {1, . . . ,k} such that U^;^]^/^ = {1, . . . , k}. The 
elements of a given subset Ir are denoted by Ir = ■ ■ ■ ,4^''} with the con- 
vention that i'C^ < ■ ■ ■ < if} . One has the relation k = 'Ylif=iPr- Finally, the 
exponent ^{7^} is computed as follows: One adds a contribution qsqt to ^{/^-j for 
each pair of derivatives b/bips and b/bcpt acting on different E's and appearing 
in the same order as on the LHS of Eq. (|206p . 

Eq. (|206p has a simple interpretation. In order to express the fc*''-derivative 
of Q solely in terms of derivatives of S, one needs to sum up, with appropriate 
sign factors, all the possible ways to alternate ^'s and derivatives of E such that: 
1) each product starts and ends by a factor Q and contains k derivatives; 2) the 
derivatives acting on a given factor S keep the same order as in the left-hand- 
side of Eq. (|2G6p : 3) each pair of derivatives S/S(ps and S/S(pt acting on different 
factors E and appearing in the same order as in the left-hand-side of Eq. (|206p 
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contributes a sign (—1)9=9' to the corresponding contribution. For k — 1, one 
get the trivial result: 

which leads to 



Sip25ipi ' ^' '-"^'^^ ' Sip2Sipi 
Similarly, for k — 2, we obtain 

s'e 



dip2 



(207) 
(208) 



- Q Q 

which leads to 



dip2 Oifii dipi dip2 



(209) 



Sip3Sip26ipi 6ip35ip2Sipi 



Oip3dip2 Oip2 0(p3 



6'Tu 



Here, we have used the property 



_1 9293 g g 

dip3 d(p2 



(210) 



Sg,nnS(pi 



- ST, -ST, - 

S(p2 (>(p3 



(211) 

which follows from U{1) global symmetry and the symmetry relations 



Gmn — ( ~ 1 5nm and Snm — ( 1 ) 9™ 9" +'?"'• +9" X]^ 



(212) 



Higher 2PI-resummed vertex functions are obtained in a similar way by plugging 
Eq. (|206| into Eq. (|204| . that is 



R 



S(pk ■■■S(pi 



SP-T 



{I A 



SGmnSfl 



g 

(213) 

As announced, all 2PI-resummed vertex function are now explicitly expressed 
in terms of 2PI vertex functions. 



C.S. 2PI vertex functions 

2PI vertex functions are defined as field derivatives of T,[ip\ evaluated at 
vanishing fields, see pS)) . To obtain self-consistent equations for the latter, we 
start from the definition 



(-1)«'"S„™[(^] =2z 



5Gv 



(214) 



When evaluating field derivatives of the RHS, one has to take into account both 
the explicit and implicit - through G['f] - (/^-dependences of STi-^t/ SG\g- One 
gets, for the first derivative. 



5 

Sipi 



5T^ 

SGn, 



<52p. 



SipiSGji 



SGab S^Ti^ 



g Sifl SGabSGn 



(215) 
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where the notation on the LHS stresses the fact that one takes a total Lp- 
derivative. Using Eq. (|207[) . one obtains the following self-consistent equation 
for the 2PI three-point function 5T,/5(p at = 0: 



Sipi 



2i S^T,„ 



^<^1 Jab ^SabSG 



(216) 



To obtain the corresponding equations for higher 2PI vertex functions, we con- 
sider total derivatives of Eq. (|215p and use the previously derived Leibniz rule, 
Eq. I|199p . Using similar notations as in Eqs. (|192p - (|199p . we get (derivatives 
are eventually evaluated aX ip = 0) 



sg 



= E (-1) 



5" 



int 



SGab^G n 



Q 

(217) 

where means that the sum is restricted on subsets J = {ji,---,Jg} of 
{1, . . . , /c} such that the complementary subset / = {ii, . . . , ip\ always contains 
the element ii = llff| This is due to the fact that the first derivative S/Sipi 
always acts on the first factor under the sum on the RHS. This formula relates 
the k*^ derivative of STiat/SQlg to lower order {q < k — 1) derivatives of the 2PI 
kernel S'^Tint/SQ'^\g. Following a similar procedure, the latter can be expressed 
in terms of total iy9-derivatives of the higher 2PI kernel S^Tint/^G^lg etc. In fact, 
Eq. (PTTj) still holds if one replaces dTint/SSlg -> 6PTint/SgP\g on the LHS and 
S^rint/Sg% SP+^Ti,,t/SgP+^\g on the RHS. 

This leads to a set of recursion formulae from which one can derive a general 
expression for the A;*^ derivative of SVint/Sgig (and thus of with fc > 2 in 

terms of 2PI kernels S^'Tint/Sg^lg with 2 < I < k + 1 and of q*^ derivatives of 
g[Lp] (and thus of T,[ip], see (|206l) ') with 1 < q < k. Using similar notations as in 
Eq. ((206)) . we get, for ip ^ 0: 



Sipk ■■■S(pi 



sgn 



= E (-1) 

{Ir} 



n 



spga^ 



<5«+ip. 



1 '^'^4"' ■ ' ■ J ^SanbR ■ ■ ■ <>gaibiSg„ 



(218) 



where the sum is restricted to families {Ir} — {Ii, ■ ■ ■ , Ir} of nonempty disjoint 
subsets of {1, . . . ,k} such that Ii always contains the element u = 1 and the 
smallest element of the subsets Ir>2 are 4'^'' ^ f- One adds a contribution g^Qs 
to S^i^y for each pair of derivatives S/Sipr and S/Sips acting on different t/'s 
and appearing in the same order as the one defined by the left-hand-side of 
Eq. dm . 



^^In other words, J is a subset of {2, . . . ,k} such that I U J = {1, . . . , k}. 



52 



As an illustration, we get, for = 2, 



5Gm 



SGab SG, 



cd 



Sifi Sip2 SGcdSGabSGr, 



S'^Gab S^Tjnt 

5ip2S(pi SGabSG n 



from which it follows, using the results of the previous subsection, that 



(219) 



Sip2Sip- 



dipi 



dip2 



cd ^GcdSGabSGmn 



- si: - ST, - 
2G — G — G 

5ipi 5ip2 



5ip26ipi 



2i S^Ti, 



ab 



n 



(220) 



Notice that this equation defines S'^T,/d(p'^ self-consistently. For a given 2PI 
approximation, once the three-point hmction 6Yi/Sip is known from Eq. (|216p . 
the linear self-consistent equation (|220p can be solved by iterations. This feature 
appears at any order: the function 6^T,/5ip^, obtained from Eq. (|218p . satisfies 
a linear integral equation since the RHS of Eq. (|218[) only contains derivatives 
<5«E/5^« with q<k. 



D. Four-photon graphs 

We gather some results concerning diagrams with four external photon legs 
and their UV structure. We first recall a useful result which states that whenever 
a four-photon structure is, in momentum space, transverse with respect to at 
least one of its external momenta, it is finite provided it is free of subdivergences. 
We then provide two important examples of such classes of diagrams, which 
appear in the analysis of Sees. [H [5]and App. |E1 

D.l. Transversality and UV structure 

Consider a sum I^-'^p'^ of bare four-photon diagrams, transverse, in momen- 
tum space, with respect to one of its external momenta, say the one correspond- 
ing to the index ^: 

I'^'P" = . (221) 

Assume that all subdivergences of / can be removed by means of a renormaliza- 
tion procedure which does not violate the transversality relation (|22ip . There- 
fore, it can only contain global divergences which are polynomials in its external 
momenta, of order equal to the superficial degree of divergence of /, i.e. zero. 
The most general Lorentz structure for the latter is therefore, a linear combi- 
nation of g^'^gf"^, g'^^'g"" and g^'^'g^P: we have 

p^'^P'^ = a gf^^gP" + /3 gf'Pg'"' + 7 g^^^g^P + I^yP" , (222) 

where Iqv is UV convergent and a, [3 and 7 are momentum independent func- 
tions of e which could diverge as e 0+. The transversality condition (|22ip 
reads 

a k^gP" + (3 kPg''" + 7 k^g-"" + k^, iP'^f" = . (223) 

from which it follows that a, /3, 7 and thus / are in fact UV convergent (i.e. 
finite). 
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D.2. First class of transverse graphs 

In Sec. m we deal with a particular class of four-photon subgraphs arising 
from three-photon-reducible contributions in Finti'/'i^]- A given such contribu- 
tion, denoted here by SjR, can be written as 

tr^^t%^ G] = CrG.,GppG,^ Cf * (224) 

where Ci_2 are IPI three-photon subgraphs. This leads to three-photon-reducible 
contributions of the form (|116p to the 2PI kernel A: 

where L'^''^ = SC'^''" /SDaalg with i = 1 or 2 and similarly for R. As argued in 
Sec. m such three-photon-reducible contributions lead to potentially divergent 
four-photon subgraphs of the form, see Eq. (|118p . 

'_pM'^^,00Lj, (226) 

which we want to prove to be transverse, see Eq. (|119p . To this purpose notice 
that, since fermion propagator lines D are only involved in closed fermion loops 
in the functions Ci,2 in Eq. ()224p . we can always write 



where the sum runs over all fermion loops of Ci_2 with n > 3 QED vertex 
insertions: 

^Mi-M. =tr {DY^ D ■ ■ ■ D-f^"-) . (228) 

Noticing that 
gpp.i---p. 



= (7'»i£)- • •D7^")_^ cyclic permutations of (1, . . . ,n) , (229) 

g 



we are lead to evaluate the {n + l)-photon diagram 

xyt^ _ _ - 

I^f^i-f^^ = l^M'^a,0i3 . . . 57''")^^ . (230) 

In momentum space, denoting by k and pi, . . . ,p„ the external incoming mo- 
menta, we have, see Eq. ([S7)) . 



//-■■^"(fc,pi, ...,pn)= I tr[V^'^'^{q+k, q)D{q)j^^^D{q-p,) ■ ■ ■ r"D{q + k) 

(231) 
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Using the Ward-Takahashi identity l|70p . the cyclicity of the trace and perform- 
ing an appropriate change of variable under the momentum integra|f^, we get 

fc%^--^"(fc,pi, . . . ,p„) = /^^^-■■^"(pi,P2, ■■■,Pn)- /^-••^"^UP2, . . . 

(232) 

where 

/''i-^"(pi,...,p„) = -le I tT\Diq)-f'''D{q-pi)---^''-'D{q + k+Pnh''" 

Jq 

(233) 

Putting together Eqs. (|^^ . (1^77)) . and ((^5^ . we finally obtain the desired 

resuh, Eq. (HH]): 

fcM IL^ M°'"-'^^L':p[ = , (234) 

where L = 5C/SD\g. 

D.3. Second class of transverse graphs 

The analysis of the 2PI-resummed two-photon function 5^T /SASA in Sec. [5] 
reveals the presence of potentially divergent four-photon subgraphs which in- 
volve the two external photon legs of the original function and the two ends 
of an internal perturbative photon propagator Gq taken anywhere in the full 
diagram, see Fig. [T31 As argued in Sec. [5l the sum of such subdiagrams is given 
by the derivative 511/ 5G{) of the 2PI-resummed photon self-energy 11 = Y,aa 
with respect to the free photon propagator. We show here that the latter is di- 
rectly related to the 2PI four- photon function 5A6A through Eq. (I137|) . 
which implies that it is finite and (doubly) transverse^ To this aim, it proves 
convenient to consider the more general function 5Y,/5Qq^ where S is the 2PI- 
resummed self-energy, defined as 

(-1)^^ 7^ = ^Qok - ^^21 . (235) 

Note that the derivative 5 /SQq has to be understood as restricted to the subspace 
of function Qo of the form ()13p . Taking a derivative with respect to Go at fixed 
counterterms of Eq. ()208|1 yields 



( X^gl "^^! = ]M run 



SG St -\ 2tS^rint 



g ' \,SGo S(p2 ^ ),nn^Gmn5' 

(236) 

To evaluate 5 /SGoiSY,/ 5lp), we take a derivative with respect to Go at fixed 
counterterms of Eq. (|216p . We obtain a linear integral equation which can be 



^^Here, it is crucial to use a gauge-invariant regulator. 

^"For simplicity of notations, we work here with bare quantities. The calculation is identi- 
cally the same in terms of renormalized quantities. 
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solved as 
SGo Sipi 



— I c I ^ab.ran 



9^9 

dipl 



h 

SGcd 



b ^^0 

SGcd 
SGo 



2iS^n- 



(-1) 



SGcdSGabSG 



SGcdSGabSGr 



where the function V fulfills the Bethe-Salpeter-type equation 

1 ^ 



pq.mn — ^pq.mn r ^^pq,rs -^^rs.tu^tu,', 



r 



(237) 



(238) 



Plugging this back into Eq. (|236p . we find 
SYjii 



(-1)^ 



SGo 



KsGoS'f^^^ 



\ ( -ST, -\ SGcd 



G — G 

Sip2 Jab SGo 



(-1) 



2iS''Tn,t 



SGcdSGabSGp 



M 



pq^mn^mn.l ; 



where the function 



SGmnS^l 



2iS'^Tsy 



mn,pq *' ^pq^rs 



SGrsSifl 



(239) 



(240) 



turns out to be simply related to STinm/Sifi- Indeed, solving Eq. (|216p in terms 
of V, we get 



ST,. 



Sipi 



2isri^ 



S^PlSGn 



2 SifiSGrs 



■^^rs^pq '^pq^mn • (^4-^) 



Using the fact that the total fermion number of each factor in this equa- 
tion is zero as well as the symmetry properties M.rs,pq 



Mpq 



and 



2i52r:„ 



SipiSGn 



one easily checks that 



STm 

Sipl 



g SGrnnS^Pl 



(242) 



(243) 
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It follows that Eq. (|239p can be rewritten as 



SGo 



(5s - sj: 



Q^Q) (-1)- 

'^¥'1 Jed 



SGcdSGabSGr, 



5Qn 



SGo 



Notice now that, from Eqs. p ^ -(fT9 | . one obtains the linear equation 



1 sa 



pq £ 



1 



-1 



which can be solved in terms of V as 

TT^ ~ "nTn ■Mrs,pq '^pq,mn = 7: (^q Q)uq {QQq )pt Vp 

From this it is not difficult to arrive at (we use that — qp) 



(244) 



(245) 



(246) 



1 \qm. ^S^nn 

' ' SGo 



M 



7nn.,pq "i" 2^-' ^ ^rrLn,rs ^rs,tw -J^^tw.pq 



SGo 



{-1)1" , (247) 



which can be plugged into Eq. (|244|) and allows a simple comparison with 
Eq. (|258| below. We find: 



1 S^tr 



SGo,rs 

or, equivalently, 



5E ^ SE 
— G 

2 S(piS(p2 \S(p2 5ipi 



Mr 



SG 



O.rs 



Mo 



0,rs 



= i-iy-M, 



2 5(fi5ip2 



sj: - St 

Sip2 Slfii 



(248) 



(249) 



whereA^o;pg,rs = Go,psGo,rq- Choosing ipi = A^^, ip2 = A„ and Go.rs = Go,po- in 
Eq. ([248]), the second term between brackets vanishes and we obtain the desired 
result, see Eq. (|137p . 



n "^AA _ n AA ^ 



(250) 



E. Renormalization of higher vertex functions 

Here, we show that, once 2PI two- and three-point vertex functions, G]i^ 
n IK I Vj^ (X ST,fi/Sipii have been made finite according to the procedure de- 
scribed in Sees. 14. f I and 14.21 all (2PI and 2PI-resummed) vertex functions are 
void of subdivergences. As explained in Sees. 14.31 and 15. 3[ this completes our 
proof of renormalization. All quantities appearing in this section are meant as 
renormalized ones. However, for notational simplicity we omit the subscript 'i?'. 
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E.l. Renormalization of V 

Because it will play a role in the following, we first show that V is finite. No- 
tice that, due to charge conservation, Vpq^mn — unless Qp + qq + qm + 9n = 0. 
Moreover, it follows from the symmetry identities, see ([9]), 

i^pq,mn — V / <^ qp^mn — V ^) ypq^nm — V / >^mn.pq v ^ / 

that the only independent components of V are the four-photon function Vpo-,/ii/) 
the two-fermion-two-photon functions Vav,na and Vaa,^^v and the four-fermion 
function VQ,^j3^|fl] It is easy to check from Eq. (|238l) that the two-fermion-two- 
photon function Vau.iia can be identified with the function Vav,p,a introduced in 
SecSl see Eq. (jlOip . It resums an infinite number of ladder diagrams A(MA)", 
which are trivially finite since the building blocks A and M are and there is no 
way one can combine lines of these different building blocks to form a subgraph 
with positive superficial degree of divergence. 

The case of the other components of V is slightly more complicated because 
they are linearly coupled to each other. This is, for instance, the case of Vpa.^^v 
and Vaa,^iv- However, one can rewrite the equation for Vpa^pu as 

(252) 

where K,po,p.u depends only on the 2PI kernel £, not on V: 

K,p<y,pv = i^pa.pv + ^-■p<y,aaM.aa,f3j3^f3l3,^iv + ^ pa ,aa-M. aa^pJj'J fip ^-f^-M.^^ ^SsC,SS ,p,v 

(253) 

where resums fermion ladders: 

With slightly different notations, Eq. (|252p for Vp^.^v is nothing but the equation 
for the four-photon function Vpa^^^^ derived in Ref. 17[. There, it was shown 



that the latter resums four-photon subdivergences in T^aa and S^^and is made 
finite by properly adjusting the counterterms 5gi and 5g2 in Eq. (|52p . It is then 
straightforward to show by direct inspection that the only possibly divergent 
subgraphs of Vaa,pv and Vpp^^g^ are those of Vpa,^!^'- once the latter has been 
renormalized, the former are finite. 

Here, we pause a moment to give a new derivation of a general result of 2PI 
renormalization theory, namely the fact that the Bethe-Salpeter like equation 
resums the four-point subdivergences of the two-point function E[(/3 = 0] 



22l . l25l |17| . Four-point subgraphs are obtained by expanding E in perturbative 



diagrams and opening a perturbative line - corresponding to the free propagator 



^^We use the same convention as in Sees. U] and [S] to distinguish! piioton from fermion legs: 
tlie first letters of the alphabet a, . . . ,r] denote fermion ■0-like legs; a, ■ ■ ■ ^f) denote fermion 
i/)-like legs; any other (greek) letter denote a photon leg. 
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Qo - in all possible wavsFi The sum of all such subgraphs is, therefore, encoded 
in the functional derivative S'S/SQq. According to Eq. (|246p the latter is such 
that 



M 



0;rs,pq 



(255) 



where A4o-rs,pq = Ga.rqGo.ps- We see that the function V resums all four-point 
subgraphs of S, from which the announced result follows. 

E. 2. 2PI vertex Junctions 

We treat explicitly the case of the 2PI four-point vertex function. Higher 
2PI vertex functions can be treated along similar lines as sketched at the end of 
this subsection. Our starting point is Eq. (j220|) which we rewrite as 



5''t^n^ ^ (g^g 



g^g] 



- SJ: - 6t -\ 1 (J^Es 

0(fl Oif2 Jab 2 d(^20(p'_ 



■ J^rs^pq ^pq.inn •> 

(256) 



where we have introduced the notations 

J^^rs^pq — Qrq Qps and ^pq.mn 



SGpQ^G' 



pq^^mn 



(257) 



Equation (|256p can be solved using V 



6(^25^1 



Vab 



ab 



;^ ST, - 

Q^Q 

dipi 



Q^Q 

dip2 



{-ly 



SQcdSQabSQmn 



Ug^g) (g^g) (-ir j^^j^ 

2 V Sifii V Sip2 /erf oQcdOQabOQr 



M 



rs,pq ^pq,mn ; 

(258) 



This equation, represented diagrammatically in Fig. 1161 happens to be quite 
convenient to show that S'^T,/6(p'^ is void of subdivergences. The various con- 
tributions on the RHS of Eq. (|258p involve four different building blocks: The 
propagator Q, the 2PI vertex ST /Sip, the function V which sums ladder dia- 
grams with rungs C oc S^T./^JSQ^\g and the six-point 2PI kernel S^T.^JSQ^\g. 
Each of these building blocks being finite, subdivergences in S'^T/Sip'^ can only 
originate from two-, three- or four-point IPI subgraphs which combine lines of 
different building blocks. Using the fact that the kernels S"T-^^/SQ^\g originate 
from closed 2PI diagrams, it is easy to convince oneself that the only potentially 
divergent subgraphs are four-photon ones. These can be of two types only: The 



Strictly speaking, this is only true for ip 
types of four-point subgraphs 



0. For nonvanishing field, there exists other 
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Figure 16: Diagrammatic representation of the three contributions to 5'^T,/Sip25^i in the r.h.s 
of Eq. I I258I I. The grey blob represent the 2PI kernel 2i5T'^^^/ &Q'^\q. The grey boxes with 
three legs represent the 2PI three-point vertex ST, /Sip whereas those with four legs represent 
the four-point function V. 



first type is depicted in Fig. [T71 where it is understood that the subgraph is 
potentiaUy divergent only when its four external legs are photons. We have 
already encountered such four-photon substructures in the analysis of two- and 
three-point functions in Sees |4] and [5l see e.g. Eqs. (I118p - ()119p . where we have 
shown, using 2PI Ward-Takahashi identities, that they actually do not give rise 
to subdivergences. 




Figure 17: These subraphs are potentially divergent when their external legs are all photons. 
2PI Ward-Takahashi identities guarantee that these subgraphs are all finite. 

The second type of four-photon subgraphs is illustrated in Fig. [181 It in- 
volves two internal (photon) lines of V as well as the two external legs of the 
original function S'^Ti/Sip'^ corresponding to (photon) field derivatives. It can, 
therefore, only arise in the two-photon-two-fermion function S^Tt^,^/SA6A or 
in the four-photon function 6^T,aa/6A6A. We conclude that the two other 
four-point functions S'^T,^A/SA5'tp and 5'^T,aa/ are void of subdivergences. 




Figure 18: These subraphs are potentially divergent when their external legs are all photons. 
2PI Ward-Takahashi identities ensure that these subgraphs add up to a finite contribution. 
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The functions S'^fl^^/SASA and S'^I^aa/SASA satisfy coupled linear inte- 
gral equations, see Eq. (|256p . For the sake of the argument, we introduce 
a simplified notation which emphasizes the important aspects of the relevant 
equations and hides the unimportant details. We note V^/ = S^I]^^/SA6A and 
Vy^ = S'^Tjaa/SASA. Similarly, we note C-yf = C^v,aa, -^^7 = ^tiu,pc7 etc. and 
similarly for the components of Ai , with the idea that the indices 7 and / denote 
respectively the two-photon and two-fermion end of a given four-point function. 
With this notation, Eq. (|256p reads, for Vyf and Vj^ 

Vyf = Ayj + ^VyyMyyCyf + VyfMff£ff, (259) 

Vyj = Ayy + ^Vy-yMyjCjy + VyfMffCfy , (260) 

where A^f and A^^ refer to the relevant component of the sum of the first two 
terms on the RHS of Eqs. (|256p . For the present discussion, the only important 
feature is their two-photon-irreducible character. For later use, we also note that 
the function V^f can be eliminated by means of the function K. introduced in 
Eq. ()253|) . and that Vyy can consequently be expressed in terms of the function 
V introduced in Eq. ((2^21) : 



with {J is defined in Eq. ((254)) ) 

= Ayy + AyjMffCfy + AyfMffJffMffCfy (262) 
Note that B is two-photon-irreducible. Note also that 

\^'YyA^^yK^yy -£?^-y vA/(^^ V'-y-y . (263) 

Finally, a key ingredient of the argument below is the transversality property 
- in momentum space - of the fimction Vyy = S'^'Saa/SASA, see Eq. ([71]) . We 
write this formally as: 

k-Vyy^O. (264) 
We now employ a recurrence argument based on a formal coupling expansion, 

^^./ = E^'"C^ (265) 

n 

and similarly for all other functions above. Note that the functions A, B, V, 
Cyj, K-yj and V^^ start at order e^, whereas the functions Cjf, Cf^ and Cff 
start at order e^. Equation (I264p yields 

k ■ K^^") =0 for 71 > 2 . (266) 

As a starting point of our recurence, we note that the one-loop diagrams V^^'^^ = 
A^'^j and Vjj' — B^-^j — A^^^ being trivially free of subdivergences, are finite. 
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This is clear for the former since it has negative superficial degree of divergence. 
For the latter, this follows from the transversality property (|266p for n = 2 and 



the general result of App. |D] We now assume that all V^^/'^ and V^?;"'^ are finite 
for 2 < p < n - 1. Eq. ([^55)1 yields, for n > 3, 

(267) 

Using the two-particle-irreducibility of the kernels C, one sees that the only 
possible four-photon subgraphs are those of Vj^^'^ and V^'j^^ for p < n — 1, which 

are finite by hypothesis. The function K,'^"'' is thus void of subdivergences and 
consequently finite since it has negative superficial degree of divergence. As for 
V-!}^"\ equation (|26ip yields, for n > 3, 

n— 1 

l/(f ) = 5(2") + i ^ ) [A^,,/C,,](2"-2^) . (268) 

p=2 

One can form four-photon subgraphs involving the two external legs of IC-yj 

and two internal photon lines of V^j^K Using Eq. (I263|) one easily checks 
that these are in fact subgraphs of the function V-yy, which we have shown 
above to be finite. Using the two-photon-irreducibility of the kernels JC one 
sees that the only other possibility for four-photon subgraphs are either a sub- 
graph of Vj^^^ for p < n — 1, finite by hypothesis, or the full graphs B^-^^ and 
V^j^^ [M-yjICyj]''^''''^^^ for 2 < p < 71 - 1. We conclude that k}^") is void of 
subdivergences. It follows from the 2PI Ward-Takahashi identity Eq. (|266p and 
the general result of App. [Dl that it is finite. 

A similar analysis applies to higher 2PI vertex functions S^'S/Scpn ■ ■ -Sipi. 
The latter satisfy self-consistent equations, similar to (|256p . which can be solved 
by means of the function V. This results in an expression for S'^'S/Sipn ■ ■ ■ Sipi - 
generalizing Eq. (|258p - in terms of a finite number of building blocks, namely 
lower order 2PI vertex functions 6PY./6ipp ■ ■ ■ Sipi with p < n, Q , V and 2PI ker- 
nels SPT^^^/6GP\g with 3 < p < n. Assuming that 2PI vertex functions of order 
p < n have already been renormalized, the building blocks all are finite. Thus 
subdivergences in (5"S/(5(/3„ • • • Sipi can only originate from subgraphs combining 
lines of different building blocks. An analysis similaiF^ to that performed for 
6'^'E/SLp2^fi then shows that all such subgraphs are UV convergent. 

E.3. 2PI-resummed vertex functions 

A similar method can be applied to higher 2PI-resummed vertex functions 
(5"r/(5(/?„ • • -Scpi. Contrary to 2PI vertex functions, these are not defined sclf- 
consistcntly but directly given in terms of the propagator Q, the 2PI kernel 



''''it is even simpler for four-photon subgraphs of the type depicted in Fig. llSl do not appear. 
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^'^^■mt/ ^^^'■P\g ^'^d lower 2PI vertex functions d^fl/Sipp ■ ■ ■ S^pi with p < n, see 
Eq. (|213p . This equation is however not suited to show that 5"r/5(pn ■ ■ ■ S(pi 
is void of subdivergences. The reason for this is two- fold. First of all the 2PI- 
kernel 5'^r^^^/5Q6ip\g is not UV convergent since it is proportional to either Zi 
or Zi. Moreover, there is always a contribution to S^T/Sipn ■ • ■ Sipi involving 
only one 2PI vertex. This contribution reads 

(g '"''^ g) 

Subdivergences of this contribution are not easy to analyze for they depend on 
the precise content of (5"~^S/(5(p„ • • • 5ip2- A strategy is then to replace the latter 
for its explicit expression in terms of lower 2PI vertex functions and V. The net 
result of this is an expression for /6ipn ■ ■ ■ Stpi in which no 6'^T^^^/SgS(p\g ap- 
pears and in which the contribution (|269[) is also absent. Similarly to higher 2PI 
vertex functions, one can show that the building blocks appearing in this alterna- 
tive expression for S^r/Sipn ■ ■ ■ Sipi are UV convergent and so are also subgraphs 
which combine lines of different building blocks. It follows that 6"r/6(pn ■ ■ ■ S(pi 
is void of subdivergences. 



(269) 
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